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Working instructions

» This exam consists of 8 pages with a total of 4 problems.
Please make sure now that you received a complete copy of the exam.

 The total amount of achievable credits in this exam is 44 credits, including 4 bonus credits.
+ To pass the exam, 17 credits are sufficient.
+ Detaching pages from the exam is prohibited.
* Allowed resources:
— one analog dictionary English «+» native language

« Answers are only accepted if the solution approach is documented. Give a reason for each
answer unless explicitly stated otherwise in the respective subproblem.

+ Do not write with red or green colors nor use pencils.

« Physically turn off all electronic devices, put them into your bag and close the bag.

Left room from to / Early submission at

—Page1/8-



In all problems except Problem 3a), Petri nets do not have arc weights.

Problem 1 coverability graphs (11 credits)

For each of the following edges, either draw a Petri net (N, My) satisfying the following two conditions:
+ every transition of N has at least one input place, and
« one of the coverability graphs of (N, My) contains the edge,

or prove that such a Petri net does not exist.

0 a)
1 (w,0)
? (1,w)
w — 1 =w, so once a place has w tokens, it will always have w tokens.
0 b)
1 (OJ, 1 s O)
2 (w, w, w)
3
Firing tt. creates this edge.
S
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S
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Firing t;t> creates this edge.
t

S1 So

The firing of a transition must lead us from (0, 1) to some marking (n, 0) such that there is a marking
(m, 0) with m < n which has a path to (0, 1) in the coverability graph. Since arcs are unweighted, the
only case is n = 1 .and m = 0. But no path in a coverability graph can lead from (0, 0) to (0, 1), it would
go to (0,w) instead. Alternatively, no path in a coverability graph can lead from (0, 0) to (0, 1) because
no transition is enabled at (0, 0).
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Problem 2 invariants, siphons and traps (9 credits)

a) Give a strongly connected Petri net with three places and two linearly independent S-invariants (draw the
net and give the S-invariants as vectors).

There are many solutions, for example t

with the S-invariants (1,1,0) and (1,0, 1).

b) Prove or disprove with a counterexample: The intersection of two siphons is a siphon.

Note: ) is a siphon.

Sq So S3

@
[

f

{s1,82} and {s,, sz} are siphons, but {s,} is not.

c) Prove or disprove with a counterexample: If | is a semi-positive S-invariant of N = (S, T, F), then
U={s e S|Is)>0}isatrap.

True. Let s € U and let t € s®*. We prove that t* N U # (), which shows that U is a trap.

Assume that t* 1 U = 0. Then /(s') = 0 for every s’ € t*,and so » _ I(s') = 0.
s'ete®

Since > I(s') > I(s) > 0, we have > I(s') # > I(s), contradicting that / is an S-invariant.

s'eet s'eet s'cte
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Problem 3 Reduction (9 credits)

a) Consider the following problem P:

Input: A set of n classes of objects, prices p, ..., pn € N, weights wy,...,w, € N, a bound b € N, a target
value p € N and a target weight w € N.

Question: Is it possible to pick at most b objects of each class such that the total price of all picked objects
is at least p and the total weight is at most w?

Reduce P to the coverability problem for Petri nets. More precisely, for every input to P, give a Petri net
(N, Mp) with weighted arcs and a marking M such that M is coverable from M, if and only if the answer to
the question is “yes”. Your construction should be implementable as a program that runs in polynomial time
in n. You may either draw the Petri net, or describe the sets of places, transitions and arcs.

Each class i € [n] gets a place s; with My(s;) = b, and there are two more places s, and s, with
Mo(sp) = 0 and My(sw) = w. Furthermore, there is a transition t; for every i € [n] which takes one token
from s; and w; tokens from s,, and adds p; tokens to s,. The marking M puts p tokens into s, and no
tokens elsewhere.

b) Given a Petri net (N, Mp) with N = (S, T, F), show how to construct a Petri net (N’, M§) such that
the zero marking is reachable in (N, M) iff (N’, M}) has a deadlock.

Indicate clearly which are the sets of places, transitions and arcs of N, and which is the marking M. Sketch
a proof of correctness of the construction. Your construction should be implementable as a program that
runs in polynomial time in the size of (N, Mp).

Note: If your construction is only correct for Petri nets where every transition has a nonempty preset, you will
receive partial credits.

For every s € S, add a new transition t; with preset and postset {s}. Furthermore, let U := {t € T |
°t = ()}. Add a place s’, a transition t’, arcs (t,s’) for all t € U, and the arc (s’,t'). M} is the marking
that coincides with My on S and puts 1 token into s’.

If the zero marking is reached in (N, Mp) by the firing sequence o, then we can reach the zero marking
in (N, Mg) by firing o followed by t'. Since every transition of N’ has a nonempty preset, the zero
marking is a deadlock.

For the converse, note that the only deadlock of (N', Mp) is the zero marking. If it is reached by a firing
sequence o, then the firing sequence obtained by removing all t; and t’ from ¢ is enabled in (N, M)
and reaches the zero marking there.
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Problem 4 True or false (15 credits)

For each of the following statements, decide whether the statement is true. If it is true, give a proof. If it is
false, give a counterexample.

a) Let (N, My) be a Petri net. If there exists a firing sequence o containing all transitions such that My % M,,
then (N, M) is live.

False. Counterexample: ;
2

Sq S2

f3

Ll

o = tibbtz contains all transitions and (1,0) = (1, 0), but firing t; from (1, 0) leads to a deadlock.

b) Let (N, M) be a live and bounded T-system. Then (N, M) is bounded for every marking M.

True. By the boundedness theorem for T-systems, every place of N belongs to some circuit. By the
fundamental theorem for T-systems, the number of tokens in a circuit does not change, so every place
of (N, M) is bounded by the number of tokens in one of its circuits.
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c) Let (N, M) be a live and bounded free-choice Petri net and let M’ > M. Then (N, M) is live and bounded.

True. By Commoner’s theorem, every siphon contains a trap marked at M, and so every siphon
contains a trap marked at M. By Commoner’s theorem, (N, M) is live. By Hack’s theorem, N is
covered by S-components. Every net covered by S-components is bounded for every marking, and so
(N, M’ is bounded.

d) Bonus credits: Let (N, Mp) be a live and bounded Petri net, and let J be a T-invariant of N. There exists a
reachable marking M and a sequence of transitions o such that M = M and & = J, where & denotes the
Parikh vector of o.

False. Counterexample:

The token on the right can move freely between s; and s4. The token on the left can move between
s1 and s, as long as the token on the right is in the correct place. Hence this Petri net is live and
bounded.

(1,1,0,0) is a T-invariant, but neither t;t, nor t,t; can ever fire because after firing t; (resp. t,), the token
on the right is in the wrong place for t, (resp. t) to be enabled.
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Additional space for solutions—clearly mark the (sub)problem your answers are related to and strike
out invalid solutions.
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