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EXERCISE SHEET: HERBRAND THEORY

Exercise 1: Herbrand Structures

Consider the formula
F =vavy (P(f(2),9(y)) A —=P(g(z), f(y)))
(a) Specify a Herbrand model for F.

(b) Specify a Herbrand structure suitable for F' that is not a model of F'.

Exercise 2: Uncountable “Natural Numbers”

We consider the following axioms in an attempt to model the natural numbers in
first-order logic with equality:

(a) Fr =VaVy(f(z) = fly) = = =y)
(b) F> =Vz (f(x) #0)
(¢) Fs=Vz(z=0V3y(x=/f(y))
Give a model with an uncountable universe for:
(a) {F1, F2}
(b) {F1, Fy, Fs}

Remember: A set S is uncountable if there is no injection from S to N.

Exercise 3: Preconditions Are Here To Stay

Recall the fundamental theorem from the lecture: “Let F be a closed formula in Skolem
form. Then F' is satisfiable iff it has a Herbrand model.”

Explain: what goes wrong if the precondition is violated, that is, when F' is not
closed or not in Skolem form? Give a counterexample in either case.

Exercise 4: Fundamental theorem of predicate logic with equality

The Fundamental theorem of predicate logic as stated in Lecture slides, holds only for
formulas of first-order theory without equality.

1. Give a formula in first-order logic with equality for which Herbrand’s theorem
does not hold.

2. Can you formulate a generalization of the Fundamental theorem that still holds
for predicate logic with equality?



Exercise 5: Model Sizes

(a) Specify a satisfiable formula F' (one with and one without equality) such that for
all models A of F, we have |U4| > 4.

(b) Can you also specify a satisfiable formula F' such that for all models A of F, we
have |U4| < 47 Again, consider both predicate logic with and without equality.

(c) Specify a satisfiable formula F' with equality such that for all finite models A of
F, we have |U4]| € 2N5.
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