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Exercise sheet: Propositional Proof Theory

Exercise 1: Natural Deduction can Simulate Sequent Calculus

(a) Show that the following rules are admissible in natural deduction:

F ∨G ¬F ∨¬E1G
F ∨G ¬G ∨¬E2F

LEM
F ∨ ¬F

In other words, show that F ∨G,¬F ⊢N G, F ∨G,¬G ⊢N F , and ⊢N F ∨ ¬F .

(b) Give a constructive proof that if Γ ⊢G ∆ then Γ ⊢N

∨
∆. You may use the rules from part

(a).

(c) Prove Peirce’s law ((p → q) → p) → p in sequent calculus, and apply the transformation
algorithm from part (b) to obtain a natural deduction proof.

Exercise 2: Hilbert System

Prove that ⊢H F ∧G → G ∧ F . You may use the deduction theorem.

Exercise 3: Glivenko’s Theorem

Intuitionistic logic is a restriction of classical logic that forbids proofs by contradiction. We obtain
a proof system for intuitionistic propositional logic by removing the rule ⊥ from classical natural
deduction, and denote provability in this system by ⊢IN. Note that LEM, which was derived in
Exercise 1.(a) using ⊥, is no longer derivable.
Glivenko’s theorem states that for any propositional formula φ,

⊢N φ iff ⊢IN ¬¬φ.

(a) Show that ⊢IN ¬¬(φ ∨ ¬φ).

(b) Show that φ ⊢IN ¬¬φ.

(c) Prove the forward direction (⇒) of Glivenko’s theorem.

Hint: Prove the stronger statement

{¬¬γ | γ ∈ Γ} ⊢IN ¬¬φ iff Γ ⊢N φ.
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