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EXERCISE SHEET: PROPOSITIONAL PROOF THEORY

Exercise 1: Natural Deduction can Simulate Sequent Calculus

(a) Show that the following rules are admissible in natural deduction:
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In other words, show that FVG,-FkFxy G, FVG,-GFy F,and by F'V —F.

(b) Give a constructive proof that if I' ¢ A then T' -y \/ A. You may use the rules from part

(a)-

(¢) Prove Peirce’s law ((p — ¢) — p) — p in sequent calculus, and apply the transformation
algorithm from part (b) to obtain a natural deduction proof.

Solution
(a) We start with the proofs for V=E; and V-Es:
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And now the proof for LEM:
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(b) We prove the existence of a natural deduction proof tree by structural induction on the
sequent calculus proof tree.
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Case 4: e
If A = (), the induction hypothesis is T : F,T" =y L, and we apply —I directly:
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Otherwise, by induction hypothesis we have T : F,T Fx \/ A and construct
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By induction hypothesis we have a proof tree T: F,G,T' F, \/ A. By replacing every open
occurance of F' in T with the prooftree LYE,

F
LGG/\EQ we obtain 77: FAG, T By A.

AE; , and every open occurance of G with
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If A = (), the induction hypotheses are T1: I' by F and T5: ' by G, and we apply Al

directly:
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Otherwise, by induction hypothesis we have T1: T'ky FVV A and To: T Hy GV A and
construct
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FVGETD = A

By induction hypothesis we have T1: F,T Fg VA and To: G,T'Fg \V A
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By induction hypothesis we have T: T'Fn FV GV \/ A. This is already the proof tree we
need.
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Case 9: (F—-G),I' = A —L

If A = (, the induction hypotheses are Ty: ' by F and Ty: G,T" =5 L. We obtain
(F — G),T Fy L by replacing every open occurrence of G in Ty with the proof tree
lli%fgzL%E,

Otherwise, by induction hypothesis we have T1: T'Fxy FFVV A and T: G,T'Fxy VV A. We
obtain Tj: F, (F — G),T' bx \ A from T, by replacing every open occurrence of G with
the proof tree LGF

— E. Then we construct
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If A = (, the induction hypothesis is T : F,T Fx G, and we apply — | directly:
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Otherwise, by induction hypothesis we have T : F,T Fn GV \/ A and construct
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(¢) The sequent calculus proof of Peirce’s law:
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Applying the transformation algorithm bottom-up yields:
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Exercise 2: Hilbert System

Prove that g FAG — G A F. You may use the deduction theorem.

Solution

By the deduction theorem it suffices to show that FAG Fy GAF

(0) FAG By assumption

(1) F from A4 and (0)
2 G from As and (0)
3) F—-GAF from Az and (2)
4 GAF from (3) and (1)

Exercise 3: Glivenko’s Theorem

Intuitionistic logic is a restriction of classical logic that forbids proofs by contradiction. We obtain
a proof system for intuitionistic propositional logic by removing the rule L from classical natural
deduction, and denote provability in this system by t|y. Note that LEM, which was derived in
Exercise 1.(a) using L, is no longer derivable.

Glivenko’s theorem states that for any propositional formula ¢,

Fnw iff i e



(a) Show that |y ﬁﬁ((p vV ﬁ(p).
(b) Show that ¢ iy 7.

(¢) Prove the forward direction (=) of Glivenko’s theorem.

Hint: Prove the stronger statement

{7y |yl Ny iff Thye.

Solution
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(¢) We prove the strengthening by structural induction on the natural deduction proof. Taking
I' = () yields Glivenko’s theorem.

The backward direction (<) is straightforward: every ky-derivation is a Fy-derivation,
v iy ==y holds for every v, and Fy =—¢ — ¢ via the L rule.

For the forward direction (=), we proceed by case analysis on the last rule of the natural
deduction proof, writing I'* = {——vy : v € T'}.

Case 1: Leaf I', o -y .
Translation: the leaf I'*, ==y |y =
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By IH, T7: ' by == and Ty : I'* -y =—1p. We construct
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By IH, T: T* Fin == (¢ A ¢). We construct
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The case AE; is symmetric.
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By IH, T': T'* kiy =—p. We construct
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By IH, T} : I by == (@ V@), To: T, == by =, and T3: T, =) by =—y. We obtain

Ty: T*, ¢ by =—x from T and T5: I, ¢ by ==y from T3 using the result from (b). We
construct
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By IH, T: T*, =—¢ Finy =—tp. We obtain T7: T, ¢ by =) from T using the result from (b).
We construct
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By IH, T1: T* by == (¢ — ¢) and Ta: T iy =—p. We construct
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Case 8: mﬂl
By IH, T: I'*, =—¢ )y L. We construct
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By IH, T : I' by == and To: I' iy =—=—¢. We construct
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(the —I(1) is a vacuous discharge).
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By IH, T: T, === by =—L. We obtain T": T*, = by ==L from T using the result from
(b) applied to —¢. We construct
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