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EXERCISE SHEET: RESOLUTION AND SEQUENT CALCULUS

Exercise 1: Input resolution

Let C = {C4,...,C,} be a set of clauses. We say a sequence (Bg, By,...,By) is an
input resolution of By, from C if the following holds:

(i) Bp € C, and
(ii) Bp41 is the resolvent of By and one clause from C.

1. Show that there is a resolution of [J but no input resolution of [J from
F={{zz} {2 -y} {y, 2}, {z vz} {y, x}}.
2. Show that there is an input resolution of [J from
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3. Prove that input resolution is complete for Horn formulae by showing that there
is an input resolution of [ from any unsatisfiable set of clauses where every clause
contains at most one positive literalﬂ

Hint: Consider a Horn formula as a conjunction of rules A\ A — H with A being
a set of propositional variables and H being either a propositional variable or
0, i.e. the procedural reading of Horn formulae. Try to consider an “inverse”
marking algorithm which starts from 0 and marks propositional variables on
the left hand side of implications until a proof why 0 is implied by any possible
assignment which sets the right hand sides of rules 1 — H = A ) — H to true is
found. Then, frame the executed steps in terms of input resolution.

Solution

1. Since for input resolution one of the clauses is part of the input and every clause
in the input contains at least two distinct literals all resolvents contain at least
one literal.

2.
{~t.~y}  {-w, -z}
{2, -z, ~y} {—y, 2}
{2, ~y} {2, y}
{-a} {z}

O

INote that input resolution is not complete in general because F from [1| is unsatisfiable but there is
no input resolution proof of that fact.



3. Let F' be an unsatisfiable Horn formula. We view F' as a set of clauses of the

form
/\H —y

where H is a set of variables and y is either a variable or L. Let My, My, ..., M
be the sequence of markings produced by the model building algorithm on F, and
let Cy,C4,...,Ck be the sequence of clauses used with C; = A\ H; — y;. Since F
is unsatisfiable, running the model building algorithm terminates with UNSAT.
The following four properties hold:

(i) Mo=10

(ii) H; C M;
(iil) My11 = M; U{y;} fori <k

)

(iv) v =
For any set of variables A, we define A := {-z | z € A}. We prove by induction
on ¢ that for all ¢ < k, there is an input resolution F' k., I for some I C Mj,_;
Case i = 0: By (iv) yx = L, so as a clause C = Hy; by @ H,;. C M,. Hence
the singleton sequence (Cy) is an input resolution to Hy, with Hy C Mj.
Case i + 1: Set j = k—i—1. By induction hypothesis there is an input resolution
to I with I C My_; = M. Since j < k we know that y; is a variable (not
1), and by (iii) M;41 = M; U{y;}. As a clause, C; = H; U {y;}.
e If y; € I: resolve I with C; on y; to obtain I’ = (I'\ {-y;}) U H;. Then
I'":= (I'\{y;})UH;. By (i) H; € M;, and I'\{y;} € M;1\{y;} = M
so I’ - Mj = Mk—(i+1)-
o If y; ¢ I then I C M, and the same input resolution works.
Applying the claim with ¢ = k yields an input resolution to I with I C My = 0,
hence I = [J.

Exercise 2: Positive Resolution

We call a resolution step C1,Cs Fges R positive or a P-Resolution if one of the clauses
C1,C5 contains only possitive literals. Prove that resolution restricted to positive
resolution steps is complete.

Solution

Let F' be an unsatisfiable set of clauses. We show that there is a positive resolution
refutation of F' by induction on the number of variables in F'.

Case 0: Then F = {0} and we are done.

Case n + 1: Let A be a variable in F'. We define Fy = F[L/A] and Fy = F[T/A].
Both are unsatisfiable and contain at most n variables. By induction hypothesis
there are positive resolution refutations of Fy and Fi. If we add the variable A



back in in all clauses of the refutation of F} we obtain a positive resolution proof
of F Fpres {A}. We can then resolve {A} with every clause containing = A, which
yealds all clauses in Fy, which by induction hypothesis have a positive resolution
refutation.

Exercise 3: Currying

Prove that for any n > 1, the following formula has a sequent calculus proof:
(A N(A2 A (- NA)--- )= B) = (A > A4 — - — A, —» B)
Remember that A - B - C=A— (B — C)

Solution

We first prove the following:
Lemma 1. for all I, A it holds:

A1, Ao, ... A, T kg /\Ai,A
i=1
Proof. Proof by induction on n:

e Casen=1

LT — 4,.A ™

e Casen=m+1

IH
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To prove the final claim, note that by n-fold application of the rule — R it suffices
to show Ay, ..., An, A\, A; = B¢ B, which easily follows from Lemma

L
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Al,...,An,/\;;lAi*)BkgB
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Exercise 4: Bonus: Sequent Calculus Proof Search

Write a tool that given a formula of propositional logic searches for a sequent calculus
proof.

You can use the following tool to verify the output: https://github.com/astrobeastie/
seqcl If you write your solution in rust you can directly integrate your proof search.
Otherwise it can read proofs from files. Note that seqc was written quite hastily and
likely still contains a few bugs. If you find one open an issue or message me on zulip.


https://github.com/astrobeastie/seqc
https://github.com/astrobeastie/seqc
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