Propositional Logic
Basics



Syntax of propositional logic

Definition
An atomic formula (or atom) has the form A; where i = 1,23, .. ..
Formulas are defined inductively:

» | (“False”) and T (“True") are formulas

» All atomic formulas are formulas

» For all formulas F, —=F is a formula.

» For all formulas F and G, (F o G) is a formula,
where o € {A,V, =, <>}

is called negation

is called conjunction
is called disjunction

is called implication

is called  bi-implication

T 1l <>



Parentheses

Precedence of logical operators in decreasing order:
- ANV — &

Operators with higher precedence bind more strongly.

Example

Instead of (A— ((BA—=(CVD))VE))
we can write A— BA—=(CV D)VE.

Outermost parentheses can be dropped.



Syntax tree of a formula

Every formula can be represented by a syntax tree.

Example
F= ﬁ((ﬁA4 V Al) A A3)




Subformulas

The subformulas of a formula are the formulas corresponding to
the subtrees of its syntax tree.

Ar A3
D
A
7
(A4 V Ar) /><

(FAVA)AAS) (ALY AL A A)



Induction on formulas

Proof by induction on the structure of a formula:
In order to prove some property P(F) for all formulas F
it suffices to prove the following:

> Base cases:
prove P(L), prove P(T), and prove P(A;) for all atoms A;

» Induction step for —:
prove P(=F) under the induction hypothesis P(F)

» Induction step for all o € {A,V, =, +}:
prove P(F o G) under the induction hypotheses P(F) and P(G)

Operators that are merely abbreviations need not be considered!



Semantics of propositional logic (1)

The elements of the set {0,1} are called truth values.
(You may call 0 “false” and 1 “true”)

An assignment is a function A : Atoms — {0, 1}
where Atoms is the set of all atoms.

We extend A to a function A: Formulas — {0,1}



Semantics of propositional logic (I1)
A(A) = AA
1 fA(F)=0
AR = 0 otherwise
if A(F)=1and A(G)=1

1
0 otherwise

if A(F)=1o0r A(G) =1

1
0 otherwise

A(FvVG) =

{
A(FAG) = {
{

5 1 fAF)=00r A(G)=1
AF=6) = {0 otherwise

Instead of A we simply write A

Using arithmetic:  A(F A G) = min(A(F), A(G))
A(F Vv G) = max(A(F), A(G))



Abbreviations

A? B? C?
P,Q,R,or ... instead of Aj;, Az A3...

Fi <> Fp abbreviates (F1 A F)V (=F A —F)
n

\/ F; abbreviates (...((FLVF)VF)V...VF,)
i=1

n
J\ Fi abbreviates (...((FLAF)AF3)A...AF,)
i=1

Special cases:

0
F=\0=1 AR=NAN0=T

1 i=1

0
=



Truth tables (1)

We can compute A with the help of truth tables.

A

V

10



Coincidence Lemma

Lemma

Let A1 and Ay be two assignments.

If A1(A;) = Ax(A;) for all atoms A; in some formula F,
then .Al(F) = A2(F).

Proof.

Exercise.
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Models

If A(F) =1

If A(F) =0

then we write
and say
or

then we write
and say
or

AEF
F is true under A
A is a model of F

AEF
F is false under A
A is not a model of F

12



Validity and satisfiability

Definition (Validity)
A formula F is valid (or a tautology)

if every assignment is a model of F.
We write |= F if F is valid, and [~ F otherwise.

Definition (Satisfiability)

A formula F is satisfiable if it has at least one model;

otherwise F is unsatisfiable.

A (finite or infinite!) set of formulas S is satisfiable if there is an
assigment that is a model of every formula in S.
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Exercise

H Valid ‘ Satisfiable ‘ Unsatisfiable

AV B

AV -A

AN-A

A— —A

A— (B— A

A— (A— B)

A —A
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Exercise

Which of the following statements are true?

| Y| Cex

If F is valid then F is satisfiable

If F is satisfiable then —F is satisfiable

If F is valid then —F is unsatisfiable

If F is unsatisfiable then —F is unsatisfiable

15



Mirroring principle

all propositional formulas

valid
formulas

[

satisfiable
but nat valid
formulas

[
F

[
[
[
[
[
[
[
|

~F

unsatisfiable
formulas

-G

16



Consequence (aka entailment)

Definition

A formula G is a (semantic) consequence of a set of formulas M
if every model A of all F € M is also a model of G.

We also say that M entails G and write M = G.

In a nutshell:

“Every model of M is a model of G.”

Example
AVB, A= B, BAR—-A R = (RA-A)AB

17



Consequence

Example

AVB, A= B, BAR—-A R E (RA-AAB
M

Proof:
Assume A = F for all F € M.
We need to prove A = (R A —A) A B.
It suffices to prove A = R, A= —A, and A = B
» A E R is immediate.
» A = B follows from A=AV Band A=A — B:
Proof by cases:
If A(A) =0 then A(B) =1 because A=AV B
If A(A) =1 then A(B) =1 because A=A — B
» A= —A follows from A = B and A = R.

18



Exercise

M F [ MEF?]
A AV B

A ANB

A B AV B

A B ANB

ANB A

AV B A

AA—>B| B
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Consequence

Exercise
The following statements are equivalent:

1. F,....,FkEG
2. (N Fi)— G

Proof of “if F1,...,Fx = G then |= (/\f‘ 1Fi)— G".
H

Assume Fi,...,Fx = G.

We need to prove = H , i.e. A(H) =1 for all A.

We pick an arbitrary A and show A(H) = 1.

Proof by cases: either A(A\ F;) =0or A(AFi)=1.

» A(AFi) =0: Then A(H) =1 because H= A\ F; — G.

» A(A Fi) =1: Then A(F;) =1 for all i.
Therefore A is a model of Fq, ..., Fg.
Therefore A = G because Fq,...,Fx = G.

20



Validity and satisfiability

Exercise

The following statements are equivalent:

1. F— G is valid.
2. F AN —G is unsatisfiable.

21



Exercise

Let M be a set of formulas, and let F and G be formulas.

Which of the following statements hold?

Y/N

C.ex.

If F satisfiable then M |= F.

If F valid then M = F.

If F € M then M = F.

If F = G then =F E —G.

22



Notation

Warning: The symbol = is overloaded:

AEF
= F
M F

Convenient variations for set of formulas S:
A= S meansthat forall FeS, AEF
=S meansthatforall Fe€S, [EF
M = S means that forall Fe S, M= F

23



Propositional Logic
Equivalences

24



Equivalence

Definition (Equivalence)
Two formulas F and G are (semantically) equivalent if
A(F) = A(G) for every assignment A.

We write F = G to denote that F and G are equivalent.

25



Exercise

Which of the following equivalences hold?

(AN(AVB)) = A
(AN(BVC)) = ((AAB)V Q)
(A=-(B—=C) = (A—=B)— ()
(A=-(B—=C) = ((AAB)— Q)
(A= B) = (-AVB)

(A= B) = (-A— -B)
(A (B+ () = (A< B)« ()

26



Observation

The following connections hold:

EF—G
EF&G

NB: “iff” means “if and only if"

iff
iff

FEG
F=G

27



Reductions between problems (I)

» Validity to Unsatisfiability:

F valid iff ?—F unsatisfiable
> Unsatisfiability to Validity:

F unsatisfiable iff 7 —F valid
» Validity to Consequence:

Fvalid iff 2 =7 TEF
» Consequence to Validity:

Fl=G iff 7 F— G vald
> Validity to Equivalence:

Fvalid iff 72 =7F=T
» Equivalence to Validity:

F=G iff 7 F+¢ G valid

28



Properties of semantic equivalence

» Semantic equivalence is an equivalence relation
between formulas.

» Semantic equivalence is closed under operators:
If Fl = F2 and G1 = G2
then —-F = —-F, and
(F]_ o G]_) = (F2 o Gz) for o € {\/,/\, —, <—>}

Equivalence relation + Closure under Operations

Congruence relation

29



Replacement theorem

Theorem

Let F = G. Let H be a formula with an occurrence of F as a
subformula. Let H' be the result of replacing an arbitrary
occurrence of F in H by G. Then H=H".

Proof by induction on the structure of H.
We consider only the case H = —Hj.
Two cases: either F = H or F is a subformula of Hp.

» F=H: Then H =G andthus H=F =G = H'.
» F is a subformula of Hy.
Let Hj be the result of replacing F by G in Hp.
IH: Hy = H}
Thus H = —Ho = ~H} = H'.

30



Equivalences (1)

Theorem

TTRRRR T

AF)
V F)
A (G A H))
V(G V H))

(Idempotence)

(Commutativity)

(Associativity)

(Absorption)

31



Equivalences (I1)
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Warning

The symbols = and = are not operators
in the language of propositional logic

but part of the meta-language for talking about logic.

Examples:

A= F and F = G are not propositional formulas.

(A= F)=Gand (F = G) <> (G = F) are nonsense.

33



Propositional Logic
Normal Forms
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Abbreviations

Until further notice:
Fi — F> abbreviates
F1 <> F» abbreviates
T abbreviates

1 abbreviates

-FV F
(Fl AN F2) V (ﬂFl A —\Fg)
A1V —A;

A1 A\ —A;

35



Literals

Definition

A literal is an atom or the negation of an atom.
In the former case the literal is positive,

in the latter case it is negative.

36



Negation Normal Form (NNF)

Definition
A formula is in negation formal form (NNF)

if negation (—) occurs only directly in front of atoms.

Example
In NNF: —-AA-B
Not in NNF:  —(AV B)

37



Transformation into NNF

Any formula can be transformed into an equivalent formula in NNF
by pushing — inwards. Apply the following equivalences from left
to right as long as possible:

-—F = F
~(FAG) = (=FV-G)
~(FVG) = (=FA=G)

Example
(-(AAN=-B)AC) = (FAV—-—-B)AC) = (HFAVB)AC)
( "F = G = H" is an abbreviation for “F = G and G = H")

Does this process always terminate? Is the result unique?

38



CNF and DNF

Definition
A formula F is in conjunctive normal form (CNF) if it is a
conjunction of disjunctions of literals:

n

F=(AV Liy),

i=1 j=1
where L;; € {A1, A2, - }U{=A1, A, -+ }

Definition
A formula F is in disjunctive normal form (DNF) if it is a
disjunction of conjunctions of literals:

F=(V(A L))

i=1 j=1

where L,"J' € {Al,Az,"‘}U {—|A1,—|A2,"'}

39



Transformation into CNF and DNF

Any formula can be transformed into an equivalent formula in CNF
or DNF in two steps:

1. Transform the initial formula into its NNF
2. Transform the NNF into CNF or DNF:

» Transformation into CNF. Apply the following equivalences
from left to right as long as possible:

(FV(GAH)) = (FVG)A(FVH)
(FAG)VH) = ((FVH)A(GVH))

» Transformation into DNF. Apply the following equivalences
from left to right as long as possible:

(FA(GVH) = (FAG)V(FAH))
((FVG)AH) = ((FAH)V(GAH))

40



Termination

Why does the transformation into NNF and CNF terminate?

Challenge Question: Find a weight function w :: formula — N
such that w(/.h.s.) > w(r.h.s.) for the equivalences

-—F = F
“(FAG) = (=-FV-G)
-(FVG) = (-FA-G)
(FV(GAH) = (FVG)A(FVH))
((FAG)VH) ((FVH)A(GVH))
Define w recursively:
w(Aj) =...
w(=F)=...w(F)...



Complexity considerations

The CNF and DNF of a formula of size n can have size 2"

Can we do better? Yes, if we do not instist on =.

Definition
Two formulas F and G are equisatisfiable if
F is satisfiable iff G is satisfiable.

Theorem
For every formula F of size n
there is an equisatisfiable CNF formula G of size O(n).

42



Propositional Logic

Definitional CNF

(Tseytin's transformation)

43



Definitional CNF

1. The definitional CNF of a formula is obtained in 2 steps:
Repeatedly replace a subformula G of the form —=A, AA B or
AV B (A, B atoms!) by a new atom A’ and conjoin A" <> G.

(This replacement is not applied to the “definitions” A’ <+ G
but only to the (remains of the) original formula.)

2. Translate all the subformulas A’ «++ G into CNF.

Example

) A As

—Ag [NAsA (Ag < (AL V AY))

As A As [N (Ag < (ALV A2)) A (As < —Ag)

As A (As & (AL V A2)) A (As & =AL) A (As < (As A As)

As N CNF(Ag <5 (AL V A2)) A CNF(As <> —Ag) A CNF(As <> (As A A3))

L

44



Definitional CNF: Complexity

Let the initial formula have size n.

1. Each replacement step increases the size of the formula by a
constant.
There are at most as many replacement steps as subformulas,
linearly many.

2. The conversion of each A <+ G into CNF increases the size by
a constant.
There are only linearly many such subformulas.

Thus: the definitional CNF has size O(n), and
can be constructed in O(n) time.
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Definitional CNF: Correctness — Notation

Definition

The notation F[G/A] denotes the result of replacing all
occurrences of the atom A in F by G.

We pronounce it as “F with G for A".

Example
(AANB)[(A— B)/B] = (AN (A— B))

Definition
The notation A[v/A] denotes a modified version of A that maps A
to v and behaves like A otherwise:

v if A;=A
(A[v/A(A) = { A(A;)  otherwise

46



Definitional CNF: Correctness — Substitution Lemma

Lemma
A(F[G/A]) = A(F) where A" = A[A(G)/A]
Proof by structural induction on F.

» F is an atom:
It F = A A(F[G/A]) = A(G) = A'(F)
If F £ A: A(F[G/A]) = A(F) = A'(F)
> F=F ANF:

A((FL A F2)IG/A]) = A(RLIG/A] A F2[G/A))
= min(A(F1[G/A]), A(F2[G/A]))

B min(A'(Fy), A (F))
= A/(Fl A F2)
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Definitional CNF: Correctness
Each replacement step produces an equisatisfiable formula:

Lemma

Let A be an atom that does not occur in G.

Then F[G/A] is equisatisfiable with F A\ (A < G).
Proof Assume A = F[G/A] for some assignment A.

Let A := A[A(G)/A]. We prove A' = F A (A< G).
A’ = F: Substitution Lemma.

A" = (A <+ G): Because A'(A) = A(G) = A(G)

(by definition of A" and because A does not occur in G).

Assume A = F A (A < G) for some assignment A.

We prove A |= F[G/A], that is, A(F[G/A]) = 1.

We show A(F[G/A]) = A(F) = A(F) =1 for A" := A[A(G)/A].
A(F[G/A]) = A'(F): Substitution Lemma.

A'(F) = A(F): From A |= (A <> G) follows A(A) = A(G), and
so A=A

A(F) = 1: Because A = F.

48



Definitional CNF: Correctness

Does F A (A <> G) = F[G/A] hold?

Does F[G/A] = F A (A > G) hold?

49



Summary

Theorem
For every formula F of size n

there is an equisatisfiable CNF formula G of size O(n).

Proof.

Repeated application of the Lemma.

Similarly it can be shown:

Theorem
For every formula F of size n
there is an equivalid DNF formula G of size O(n).

50



Validity of CNF

Validity of formulas in CNF can be checked in linear time.
A formula in CNF is valid iff all its disjunctions are valid.
A disjunction is valid iff it contains both an atomic A and
—A as literals.

Example
Valid: (AV=AV B)A(CV~C)
Not valid:  (AV —=A)A(=AV C)

51



Satisfiability of DNF

Satisfiability of formulas in DNF can be checked in linear time.

A formula in DNF is satisfiable iff at least one of its con-
junctions is satisfiable. A conjunction is satisfiable iff it
does not contain both an atomic A and —A as literals.

Example
Satisfiable: (=-BAAAB)V (=AAC)
Unsatisfiable:  (AA-AAB)V (CA-C)

52



Satisfiability /validity of DNF and CNF

Theorem
Satisfiability of formulas in CNF is NP-complete.

Theorem
Validity of formulas in DNF s co-NP-complete.

Standard decision procedure for validity of F:
1. Transform —F into an equisat. formula G in def. CNF
2. Apply efficient CNF-based SAT solver to G

53



Propositional Logic
Horn Formulas
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Efficient satisfiability checks

In this and the next slide sets:

> A very efficient satisfiability check for a special class of
formulas in CNF: Horn formulas,

> Efficient satisfiability checks for arbitrary formulas in CNF:

DPLL and resolution (later).
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Horn formulas

Definition
A formula F in CNF is a Horn formula if every disjunction in F
contains at most one positive literal.

Every disjunct of a Horn formula can equivalently be viewed as an
implication K — B where

> K is a conjunction of atoms or T, and

» B is an atom or L.

A = (T—=A fact
(FAV-BVC) = (AAB—C) rule
(FAvB) = (A—B) rule

-A = (A= 1) goal

(-Av-B) = (AAB— 1) goal
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Satisfiability check for Horn formulas

Input: a Horn formula F.
Output: Model M of F or “unsatisfiable”

for all atoms A; in F do M(A;) :=0;

while F has a conjunct K — B
such that M(K) =1 and M(B) =0

do
if B = 1 then return “unsatisfiable”
else M(B) =1

return M

Maximal number of iterations of the while loop:
number of implications in F

Each iteration requires at most O(|F|) steps.
Overall complexity: O(|F|?)
[Algorithm can be improved to O(|F|). See Schoning.]
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Correctness of the model building algorithm

Theorem
The algorithm returns a model iff F is satisfiable.

Proof. Invariant: if M(A) =1, then A(A) =1 for every atom A
and model A of F.

(a) If “unsatisfiable” then unsatisfiable.

Assume F has model A but algorithm answers “unsatisfiable”.

Let (Aj A ... AAj, — L) be the subformula causing “unsatisfiable”.

Since M(A,‘l) == M(A,’k) = 1, .A(A,'l) = ...= .A(A,'k) = 1.
Then A(Aj, A...ANAj, — L) =0 and so A(F) = 0, contradiction.
(b) If “M" then M = F.

After termination with “M", every conjunct K — B of F satisfies
M(K)=0o0or M(B)=1.

Therefore M(K — B) =1 and thus M = F.
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Correctness of the model building algorithm

Corollary

A satisfiable Horn formula has a unique model with a smallest
number of true atoms.
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Propositional Logic
DPLL: Davis-Putnam-
Logemann-Loveland



Davis—Putnam—-Logemann—Loveland
DPLL algorithm:

» combines search and deduction to decide satisfiability
» underlies most modern SAT solvers

"@-@

DPLL-based SAT solvers > 1990:

» clause learning

» is over 50 years old

» non-chronological backtracking
» branching heuristics

P lazy evaluation
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Performance increase of SAT solvers

ftconstraints solved
in standard benchmark

SAT/SMT solving improvements

%

100000

10000
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Clause representation of CNF formulas

CNF: (LiaV...VLip)AN oA (L VooV Lip,)

Representation as set of sets of literals:

{{L1,17 R Ll,n1}7 R {Lk,17 R Ll,nk}}

clause

Clause = set of literals (disjunction).
Formula in CNF = set of clauses

Degenerate cases:

The empty clause stands for L.
The empty set of clauses stands for T.
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The joy of sets

We get “for free”:

» Commutativity:
AV B = BV A, both represented by {A, B}
P> Associativity:
(AVB)Vv C=AV(BVC), both represented by {A, B, C}

P Idempotence:
(AV A) = A, both represented by {A}

Sets are a convenient representation of conjunctions and
disjunctions with built in associativity, commutativity and
idempotence

CNF-SAT: Input: Set of clauses F
Question: Is F unsatisfiable?
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DPLL — The simplest algorithm for CNF-SAT

Simplest algorithm: Construct the truth table.
Best-case runtime is ©(m - 2") for a formula of length m over n
variables.
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DPLL — A first improvement: Partial Evaluation

Improvement: partial evaluation using Boole-Shannon expansion

Lemma (Boole-Shannon Expansion)

For every formula F and atom A:
F=(AANF[T/A])V (mAA F[L/A]).

Proof By structural induction on F (exercise).

Corollary
F is satisfiable iff F[L/A] or F[T /A| are satisfiable.
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DPLL — First step: partial evaluation

F[L/A] and F[T/A] easy to compute in clause normal form:

F[T/A] = take F, remove all clauses with A, remove all —A.
F[L/A] = take F, remove all clauses with —A, remove all A.

Partial evaluation algorithm:

Given formula F, total order on the variables <:
If {} € F return unsatisfiable.
If F = () return satisfiable.
Otherwise:
Fix the first variable A in F according to <.
Recursively check if F[.L/A] is satisfiable;
if yes, return satisfiable.
Recursively check if F[T/A] is satisfiable;
if yes, return satisfiable, otherwise unsatisfiable.
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DPLL: Davis-Putnam-Logemann-Loveland

{{-p,q,-r.s}. {~a,~r,s}, {r}, {=p. =}, {-p. }}

{{q7_‘r7 s},{—\q7—\r S} {I’} {"S}} {{_'qa_'r7 S}p{l’}}
g =1
q::"l/ \ q::T"
{{-r, st rt, {=s}} {{-r, st rt. {-s}} {orsh{r}}
ING e/ N
r.=1T r.="1T r::T"
Hsh{=stt {{h{=s}} {{sh {=s}} {{}.{-s}} {{s}}
N NG
s =T s: =T s::T"

Oy {3 {3} {H {
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DPLL: Davis-Putnam-Logemann-Loveland

{{-p,q,-r.s}. {~a,~r,s}, {r}, {=p. =}, {-p. }}

{{q7_‘r7 s},{—\qﬁ\r S} {I’} {"S}} {{_'qa_'r7 5}7{I’}}
g =1
q:-'l/ \ q::T"
{{-r, st rt, {=s}} {{-r, st rt. {-s}} Hor sk Art}
NG e/ N
r:=T r:=T r:=T"
Hsh{=stt {{h{=s}} {{sh {=s}} {{}.{-s}} {{s}}
s: =1 s =_1
s:Tl\ s:Tl \ s::T"

Oy {3 {3} {H {
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DPLL: Davis-Putnam-Logemann-Loveland

{{-p,q,-r.s}. {~a,~r,s}, {r}, {=p. =}, {-p. }}

{{q7_‘r7 s},{—\q7—\r S} {I’} {"S}} {{_'qa_'r7 5}7{I’}}
g =1
q:-'l/ \ q::T"
{{-r, st rt, {=s}} {{-r, st rt. {-s}} Hor sk Art}
NG e/ N
r:=T r:=T r:=T"
Hsh{=stt {{h{=s}} {{sh {=s}} {{}.{-s}} {{s}}
N N
s =T s: =T s::T"

Oy {3 {3} {H {
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DPLL: Davis-Putnam-Logemann-Loveland

{{-p,q,-r.s}. {~a,~r,s}, {r}, {=p. =}, {-p. }}

{{q7_‘r7 s},{—\qﬁ\r S} {I’} {"S}} {{_'qa_'r7 5}7{I’}}
g =1
q:-'l/ \ q::T"
{{-r, st rt, {=s}} {{-r, st rt. {-s}} {orsh{r}}
NG e/ N
r.=1T r.="1T r:=T"
Hsh{=stt {{h{=s}} {{sh {=s}} {{}.{-s}} {{s}}
N NG
s =T s: =T s::T"

Oy {3 {3} {H {
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DPLL: Davis-Putnam-Logemann-Loveland

{{-p,q,-r.s}. {~a,~r,s}, {r}, {=p. =}, {-p. }}

{{q7_‘r7 s},{—\q7—\r S} {I’} {"S}} {{_'qa_'r7 5}7{I’}}
qg:=1
:—l/ \ q;:T"
{{-r, st rt, {=s}} {{-r, st rt. {-s}} Hor sk Art}
NG /N
r:=T ri=T r:=T"
Hsh{=stt {{h{=s}} {{sh {=s}} {{}.{-s}} {{s}}
NN
s =T s: =T s::T"

Oy {3 {3} {H {
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DPLL: Davis-Putnam-Logemann-Loveland

{{-p,q,-r.s}. {~a,~r,s}, {r}, {=p. =}, {-p. }}

{{q7_‘r7 s},{—\q7—\r S} {I’} {"S}} {{_'qa_'r7 5}7{I’}}
qg:=1
:—l/ \ q;:T"
{{-r, st rt, {=s}} {{-r, st rt. {-s}} Hor sk Art}
NG /N
r:=T ri=T r:=T"
Hsh{=stt {{h{=s}} {{sh {=s}} {{}.{-s}} {{s}}
N N
s =T s: =T s::T"

Oy {3 {3} {H {
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DPLL: Davis-Putnam-Logemann-Loveland

{{-p,q,-r.s}. {~a,~r,s}, {r}, {=p. =}, {-p. }}

{{q7_‘r7 s},{—\qﬁ\r S} {I’} {"S}} {{_'qa_'r7 5}7{I’}}
qg:=1
:—l/ \ q;:T"
{{-r, st rt, {=s}} {{-r, st rt. {-s}} {orsh{r}}
NG /N
r.=1T r.="1T r:=T"
Hsh{=stt {{h{=s}} {{sh {=s}} {{}.{-s}} {{s}}
N NG
s =T s: =T s::T"

Oy {3 {3} {H {
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DPLL: Davis-Putnam-Logemann-Loveland

{{-p,q,-r.s}. {~a,~r,s}, {r}, {=p. =}, {-p. }}

{{a,-r s}k, {~q, =, s}, {r}, {ﬁs}} {{~a,-
g =1

:q/ \ gi=T

{{-r st {rk {-s}} {{-r st {rh {-s}} Hor,

rsh{r}}

Y

sh{r}}

Y

{{sh{=sr b {=sh {{sh{=stt {3 {-s}h} {{s}h}

Oy {3 {3} {H

Y

{
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DPLL: Davis-Putnam-Logemann-Loveland

Instead of fixing an order on variables, choose the next variable
dynamically.
» OLR: one-literal rule If {L} € F ({L} is called unit clause),
then every satisfying assignment sets L to true. So it suffices
to check satisfiability of F[T/L].

» PLR: pure-literal rule
If L appears in F and L does not, then it also suffices to check
satisfiability of F[T /L] (Why?).

DPLL algorithm: Partial evaluation that gives priority to a variable
satisfying OLR, then to a variable satisfying PLR, and otherwise
picks the first unpicked variable of <.

Applying OLR can generate further unit clauses (unit propagation).
Same for PLR, but DPLL often implemented with only OLR for
efficiency.
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DPLL: Davis-Putnam-Logemann-Loveland

{{_‘P, q,=r, 5}7 {_‘q, -r, 5}7 {r}7 {_‘P, _'5}7 {“P, r}}

OLRr:=T
{{-p,a,s},{~q,s}, {=p,~s}}

PLR p:= L

4

{{-q,s}}

PLR g:= L

4

{}

In this example PLR and OLR allow us to avoid all case splits.
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Example: 4 queens

Problem: place 4 non-attacking queens on a 4x4 chess board

W

%..

Variable p;j models: there is a queen in square (i, )

» > 1in each row: /\j}:1 ?:1 pij

» <1 in each row: /\j}:1 j-‘#,:l —pij V —pijr
» < 1in each column: /\j}:l /\?75,-,:1 —pij V pirj

- 4
» < 1 on each diagonal: /\,’j:1 Vi ~Pi—k itk V Pitk j+k

Total number of clauses: 4 + 24 + 24 + 28 = 80
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DPLL: 4 queens
Running the DPLL algorithm:

» Start with p;1 — 1
delete {p11, p12, P13, P14}, delete =p11: 9 new unit clauses
unit propagation: deletes 65 clauses!

> Set pp3— 1

4 new unit clauses: {—p2a}, {—paz}, {—p32}, {—p3a}
unit propagation of {—p3s}: UNSAT

fixing only two literals collapsed from 80 clauses to 1
ruled out 2% of 210 possible assignments!

» Backtrack: p1; — 0, p12+—1
delete {—p12}: 9 new unit clauses
unit propagation: leaves only 1 clause {pa3}!

> Answer: pio, p2a, P31, pa3z > 1
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DPLL: Evaluation

Oriented towards satisfiability:

» 20(n) time for satisfiable formulas, but 22(") for unsatisfiable
ones.

» DPLL computes a satisfying assignment, if there is one.

v

The satisfying assignment is a certificate of satisfiability.

> Satisfiable formulas have short certificates: satisfying
assignment never larger than the formula.

Coming next: resolution, a procedure oriented towards
unsatisfiability.

» 20(") time for unsatisfiable formulas, but 29" for satisfiable
ones.

> Resolution computes a certificate of unsatisfiabiity.

> However, the certificate is exponentially longer than the
formula in the worst case.

» Polynomial certificates for satisfiability implies NP= coNP.
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Propositional Logic
Compactness
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Compactness Theorem

Theorem
A set S of formulas is satisfiable
iff every finite subset of S is satisfiable.

Equivalent formulation:
A set S of formulas is unsatisfiable

iff some finite subset of S is unsatisfiable.
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An application: Graph Coloring

Definition
A 4-coloring of a graph (V,E)isamap c: V — {1,2,3,4} such
that (x,y) € E implies c(x) # c(y).

Theorem (4CT)
A finite planar graph has a 4-coloring.

Theorem

A planar graph G = (V, E) with countably many vertices
V ={vi,w,...} has a 4-coloring.

Proof G ~~ set of formulas S s.t. S is sat. iff G is 4-col.
G is planar

= every finite subgraph of G is planar and 4-col. (by 4CT)
= every finite subset of S is sat.

= S is sat. (by Compactness)

= G is 4-col.

v



Proof details

G~ S:
For simplicity:
atoms are of the form Af where c € {1,...,4} and i € N
S:= {AlvA2vA VA ieNU
{AS - =AY |ieN, c,d € {1,...,4}, c £ d}U
{=(AF NAS) | (visvy) € E, c€11,...,4}}

Subgraph corresponding to some T C §:

V1 :={v; | Af occurs in T (for some c)}
Er :={(vi,vj) | ~(Af ANAS) € T (for some c)}
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Proof of Compactness

Theorem
A set S of formulas is satisfiable
iff every finite subset of S is satisfiable.

Proof

= If S is satisfiable then every finite subset of S is satisfiable.

Trivial.

< : If every finite subset of S is satisfiable then S is satisfiable.

We prove that S has a model.
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Proof of Compactness

Definition

Let by --- b, € {0,1}* with n > 0 and let T be a set of formulas.
An assignment A is a b; - - - b,—model of T if A(A;) = b; for every
i=1,...,nand AET.

In particular: every model is a e-model.

Assume every finite T C S is satisfiable. We prove:

1. There is an infinite sequence biby - -- € {0,1}* such that for
every n > 1 all finite T C S have a by - - - b,—model.

2. The assignment B given by B(A;) := b; for all i > 1 is a
model of S.
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Proof of Compactness: Part (1)

To prove: There is an infinite sequence byby - - - € {0,1}* such
that for every n > 1 all finite T C S have a b; - - - by,—model.

It suffices to show:
(a) Every finite T C S has an e-model.

(b) For every sequence o € {0,1}*: if every finite T C S has a
o-model then there exists b € {0, 1} such that every finite
T C S has a ob—model.

Proof of (a): By assumption every T C S has an e—model.

Proof of (b): Next slide.
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Proof of Compactness: Part (1)

Proof of (b): By contradiction.

Assume that for some o € {0,1}: every finite T C S has a
o—model, but

(0) some finite To C S has no o0—model; and

(1) some finite T3 € S has no ol-model.

Consider the finite set To U T7.
By assumption, To U T; has some o—model A. Let n:= |o]|.

Two possible cases:
» A(Apt1) =0. Then A is a c0-model of Ty, contradicting (0).
» A(Apt1) =1. Then Ais a c1-model of Ty, contradicting (1).
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Proof of Compactness: Part (2)

To prove: The assignment B given by B(A;) := b; for all i > 1,

where b1 by - - - is the infinite sequence of (1), is a model of S.

We show B |= F for all F € S.

Let m be the maximal index of all atoms in F.
By (1), {F} has a by - - - by—model A.

Hence B |= F, because A and B agree on all atoms in F.
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Corollary

Corollary
If S |= F then there is a finite subset M C S such that M |= F.
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Propositional Logic
Resolution
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Resolution — The idea

Input: Set of clauses F
Question: Is F unsatisfiable?

Algorithm:
Keep on “resolving” two clauses from F and adding the result to F
until the empty clause is found

Correctness:

If the empty clause is found, the initial F is unsatisfiable
Completeness:

If the initial F is unsatisfiable, the empty clause can be found.

Correctness/Completeness of syntactic procedure (resolution)
w.r.t. semantic property (unsatisfiability)
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Resolvent

Definition
Let L be a literal. Then L is defined as follows:

[ A fL=A
1 A ifL=-A

Definition
Let (7, G be clauses End let L be a literal
such that L € (; and L € (5. Then the clause

(G—{LHu(G—{L})

is a resolvent of ¢ and G,.
The process of deriving the resolvent is called a resolution step.



Graphical representation of resolvent:

Cl\ R/Cz

If C; = {L} and G, = {L} then the empty clause is a resolvent of
C; and . The special symbol [ denotes the empty clause.

Recall: [ represents .
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Resolution proof

Definition
A resolution proof of a clause C from a set of clauses F
is a sequence of clauses (y, ..., C, such that

» (; € F or G is a resolvent of two clauses C; and Cp, a, b < i,
> C, =C

Then we can write F Fges C.

Note: F can be finite or infinite!
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Resolution proof as DAG

A resolution proof can be shown as a DAG with the clauses in F as
the leaves and C as the root:

Example
{'Dv Q} {Pa_'Q} {_'P’ Q} {_"Dv_'Q}
N /
{P} {Q}

{=P}

D/
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A linear resolution proof
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Correctness of resolution

Lemma (Resolution Lemma)

Let R be a resolvent of two clauses C; and C,. Then C1, G, = R.
Proof By definition R = (C; — {L}) U (Cy — {L}) (for some L).
Assume A = G and A |= G. We show A = R.

There are two cases:
» A= L. Then A G — {L} (because A = (), thus A = R.
» AL Then A= G —{L} (because A = (), thus A = R.
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Correctness of resolution

Theorem (Correctness of resolution)
Let F be a set of clauses. If F Fres C then F = C.

Proof Assume there is a resolution proof (g, ..., C, = C.
We show F = C; by induction on i. IH: F |= C; for all j < i.
There are two cases:
» C, cF.
Then F = C; by definition.
» (; is a resolvent of C; and Cp, for a, b < i.
Then F = C, and F = Cp by IH, and G,, Cp = C; by the
resolution lemma. Thus F = C;.

Corollary
Let F be a set of clauses. If F Fres LI then F is unsatisfiable.
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Completeness of resolution

Theorem

Let F be a finite set of clauses. If F is unsatisfiable then F Fges L.

Theorem (Completeness of resolution)
Let F be a set of clauses. If F is unsatisfiable then F ges .

Proof If F is infinite, there must be a finite unsatisfiable subset of
F (by the Compactness Theorem); in that case let F be that finite
subset and apply the previous theorem.

Corollary
A set of clauses F is unsatisfiable iff F Fres C.
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Completeness proof

Corollary

(of the Boole-Shannon expansion) F is unsatisfiable iff F[L/A]
and F[T/A] are unsatisfiable.

Idea for completeness proof:
If Ais an atom of F, then both F[L/A] and F[T /A] have fewer
atoms than F.

Use Boole-Shannon to prove completeness by induction on the
number of atoms of the unsatisfiable formula F:
» construct inductively resolution proofs for F[L/A] and
F[T/A], and

» “combine” them into a resolution proof for F.
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Inductive construction of resolution proofs

F = { {_'qas}7 {_‘P, qas}a {p}a {r,—|s}, {—|p,—|r,—|s}}

» Compute inductively proofs for F[T/s] and F[L/s].

FiT/sl = {{p}, {r}, {-p,r}}
FlL/s] = {{=q}, {-p,q}, {pr}}

{pt {r} {-p,—r} {-q} {a,-p} {p}

/ N/
{=r} \ {a}
/ /

U U
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Inductive construction of resolution proofs

» Reintroduce s and —s.

F = { {_'qu}v {ﬂp,q,s} ’ {p}v {r,—\S} ) {—|p,—\r,—\5}}
{~a}  {-p.q} {p} {p} {r} {ﬁp -r}
\ N/
{q} {-r}
/ /
0

{_‘qas} {_‘P qas} P r s {_‘p7_‘r ﬁ5}

\ o (%
/

{S} {~s}
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Inductive construction of resolution proofs

» Combine the graphs for {s} and {—s}.
{=a,st  {-pa,s} {p} {pr Arosk {=p,or o)
\ N/ \r /
{g,s} {=r, s}
/ '
{s} {-s}

{_‘qu} {_'pa qu} {P} {r7 ﬁ5} {_‘p?_‘ra ﬁ5}

N/ /
{q.s} {=r, s}
/ d

{s} {~s}

NS

O
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Completeness proof

Theorem

Let F be a finite set of clauses. If F is unsatisfiable then F pges 1.
Proof By induction on the number n of distinct atoms in F.
Basis: If n =0 then F = {} (but F is unsat.) or F = {(0}.

Step:

IH: For every unsat. set of clauses F with n dist. atoms, F Fges L.
Let F contain n+ 1 distinct atoms. Pick some atom A in F.

F[T/A] = take F, remove all clauses with A, remove all —A.
F[L/A] = take F, remove all clauses with —A, remove all A.
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Completeness proof
By IH: there are res. proofs Cy, ..., Cyn = O from F[L/A] and
Dy, ...,D, =0 from F[T/A].
Now transform Gy, ..., Cp, into a proof Cj,..., C}, from F by
adding A back into the clauses it was removed from. Then:
> either C), = {A}
» or C, =0 (and we are done).

Similarly we transform Dy, ..., D, into a proof D{, ..., D} from F
by adding —A back in. Then:

> either D/, = {~A}
» or D/, =0 (and we are done).

If C;, ={A} and D] = {—A} then F Fres A and F bFges —A
and thus F Fgres .
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Resolution is only refutation complete

Not everything that is a consequence of a set of clauses
can be derived by resolution.

Exercise
Find F and C such that F |= C but not F Fres C.

How to prove F = C by resolution?
Prove F U {-C} FRres O
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A resolution algorithm

Input: A CNF formula F, i.e. a finite set of clauses

while there are clauses C,, Cp, € F and resolvent R of C, and Cp
such that R ¢ F
do F:= FU{R}

Lemma
The algorithm terminates.

Proof There are only finitely many clauses over a finite set of
atoms.

Theorem
The initial F is unsatisfiable iff O is in the final F

Proof F;,;; is unsat. iff Fjit Fres O iff O € Fgpha because the
algorithm enumerates all R such that Fj,j; Fres R.

The algorithm is a decision procedure for unsat. of CNF formulas.

102



Propositional Logic
CDCL: Conflict Driven Clause
Learning



CDCL: goal and idea

Goal: Combine DPLL and resolution into an algorithm oriented
towards both satisfiability and unsatisfiability.

Idea: At every unsuccessful leaf of DPLL (called conflict), compute
a conflict clause, and add it to the formula we are deciding about.

Conflict clauses “cache” previous search results, so we “learn from
previous mistakes” .

Conflict clauses also determine backtracking.

We present a particular way of computing a conflict clause using
resolution. There are other ways.
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DPLL 4+ CDCL algorithm

Given formula F and partial assignment A:
F| 4 denotes the result of deleting any clause containing a true
literal, and deleting all false literals from each remaining clause.

Input: CNF formula F.

1. Initialise A to the empty assignment

2. While there is unit clause {L} or pure literal L in F| 4, update
A— A[T/L]

3. If Fl4 =0, stop and output A.

4. If F|4 > 0, add new clause C to F by learning procedure.
If C =0, stop and output UNSAT; otherwise backtrack to
highest level where C is unit clause.

Go to line 2.

5. Apply decision strategy to update A.
Go to line 2.
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Terminology

» State of algorithm is pair (F,.A) , where F is CNF formula
and A is partial assignment.
Successful state when A |= F. Conflict state when A [~ F.

(Note: conflict state if F|4 > [, successful state if F|4 = ()

» Each assignment A; — b; classifies as
decision assignment or implied assignment.

> A; — b; denotes decision assignment with decision variable A;.

C . . . . . .
> A; — b; denotes an implied assignment arising through unit
propagation on clause C.

» Decision level of assignment A; — b; in a given state (F,.A) is
number of decision assignments in A that precede A; — b;.

106



Example: start with set of clauses F = {Cy,..., G5}, where

C1 ={—A1, A4, As}
G2 ={—A1, As, A5}
Gz ={—A1,-As, A7}
Cy ={—A1, A7, -As}
Cs ={A1, A4, Ac}

Say current assignment is (A; — 1, Az — 0, A3 — 0, As — 1).
Notice F|4 contains unit clause {As}.

Unit propagation further generates (As A= 1, Ag S 1, A7 G 1).
This leads to a conflict, with C; being made false.
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Conflict analysis

After unit propagation:
» If not in conflict nor successful, make decision (line 5)

» If in conflict, learned clause is added (line 4)

Learned clause desiderata: If unit propagation from state (F,.A)
leads to conflict, clause C is learned such that:

1. F=FU{C}
2. C is conflict clause: each literal of C is made false by A

3. C mentions only decision variables in A
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Clause learning using resolution

Suppose A = (A1 — by, ..., Ak — by) leads to conflict.
Find associated clauses Dy, ..., Dii1 by backward induction:

1. D41 := any conflict clause of F under A.

2. If Aj — b; is decision assignment or A; not mentioned in Dj, 1,
set D; := Djy1.

3. If A »ES b;j is implied assignment and A; mentioned in Dj1,
define D; to be resolvent of Dj; 1 and C; with respect to A;.

C := A, that is, the final clause A; is the learned clause .
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Clause learning: example

Conflict of example above:

Dg := {—A1,-A7, A5} (clause Gy)
D7 := {—A1,—As,—~As} (resolve D5, G3)
Dg := {—-A1,-As} (resolve D7, G,)
Ds := {—-A1,-A4} (resolve Dg, C1)

Dy = {~Ar, —As}
Ds := {~A1, —As}
Dy := {~Ar, —As}
Dy = {~Ar, —As}

Learned clause D; is conflict clause with only decision variables,

including top-level one A;.
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Clause learning: example

Intuitively:

» D; records that conflict due to decision to make Aj, A4 true.

» Adding D; ensures search does not explore assignments with
Ar— 1, A — 1.

» DPLL backtracks to highest level where D is unit clause
(after Ay — 1), unit propagation leads to As — 0.
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Clause learning

Proposition: The clause learning procedure satisfies the three
desiderata.

Proof sketch: Observation: If A; >£$ b;, then the only literal of C;

true under A is the literal for A; (that is, C; contains either A; or
—A;, and b; is chosen to make the literal true).

1. F=FU{C}
Because C is obtained from clauses of F through resolution steps.

2. C is conflict clause: each literal is made false by A.

We show by induction that Dy 1, Dy,--- D1y = C are conflict
clauses.

Dy 1 is conflict clause by definition.

If D;y1 is conflict clause and D; = Dj, 1, then so is D;.

If Dj11 is conflict clause and D; # Djy1, then D; is the result of
resolving D;y1 and C;. By the observation, all literals of D; are
made false by A.
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3. C mentions only decision variables in A.

Because every other variable, say A;, disappears after resolving
with D;+1 w.r.t. A;.

Indeed, since A makes Dj;1 false, by the observation A; has
opposite signs in Diy1 and C;.
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Example (without PLR)

{=A1HAL Az, As}{ A2, 7As H{ Az, = As, As, ~Ae } {A1, 2 Az, = A4, As }

OLR:
DE:
OLR:
DE:
OLR:
OLR:

A = 0 {A3, Ay} {—A2, A5} {As, — Ay, As, ~As} {—A2, —As, As}

Ay 1 {A3, A} {=As} {As, A4, As, = As} {=A4, Ag}
A5 —0 {A37 A4} {A3a _'A47 _'Aﬁ} {_‘A4a Aﬁ}
A3 — 0 {A4} {_‘A4, _‘AG} {_‘A4a AG}
Ay 1 {=As} {As}
As— 1 { }

Dy := {As, = Ay, As, —As} (conflict clause)
D6 = {A17 ﬁAQ, A37 ‘|A4, A5} (resolve D7, {Al “AQ, ﬁA4A As})
Ds := {A1, ~A,, Az, As} (resolve Dg, {A1, As, As})
Dy :={A1, ~Az, A3, As}

D3 = {Ala_‘A27A3} (resolve D4, {ﬁAQ. “A5}>)
Dy :={A;,-Az, As}

Dy := {-Az, A3} (resolve Dy, {—A1})

Backtracking to {A; — 0, A, — 1}. Unit propagation: Az +— 1.
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Basic Proof Theory
Propositional Logic

(See the book by Troelstra and Schwichtenberg)
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Proof rules and proof systems

Proof systems are defined by (proof or inference) rules of the form

v ... T,

— 7 rule-name
where Ty,... T, (premises) and T (conclusion) are syntactic
objects (eg formulas).
Intuitive reading: If Ty,..., T, are provable, then T is provable.

Degenerate case: If n = 0 the rule is called an axiom and the
horizontal line is sometimes omitted.

If some U is provable, we write - U.
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Proof trees

Proofs (also: derivations) are drawn as trees of nested proof rules.
Example:

_ U _
i T T3

S5 S
R

We sometimes omit the names of proof rules in a proof tree if they
are obvious or for space reasons. You should always show them!

Every fragment
T ... T,
T

of a proof tree must be (an instance of) a proof rule.
All proofs must start with axioms.

The depth of a proof tree is the number of rules on the longest
branch of the tree. Thus >1
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Abbreviations

Until further notice:

1, =, A, V, — are primitives.

T abbreviates —L

A possible simplification:
—F abbreviates F — 1|
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We now consider three important proof systems:
» Sequent Calculus
» Natural Deduction
» Hilbert Systems
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Sequent Calculus
Propositional Logic

120



Sequent Calculus

Invented by Gerhard Gentzen in 1935. Birth of proof theory.

Proof rules
S ... S,

S
where S1,...5, and S are sequents: expressions of the form
M= A
with I and A finite multisets of formulas.

Multiset = set with possibly repeated elements; using sets possible
but less elegant.

Notice: = is just a—suggestive—separator

= A is provable (derivable)
Intention of the calculus: iff

ATEVA (AT — VA valid)
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Sequents: Notation

» We use set notation for multisets, e.g. {A,B — C, A}
» Drop{}: Fi,...,Fm = G1,...G,
» F,T abbreviates {F} UT (similarly for A)

» 1,12 abbreviates 1 U, (similarly for A)
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Sequent Calculus rules

1L,r=A

[=F,A
—~FT=A

F.G,T = A
FAGT=A

FT=A GT=A
FVG,T=A

NrN=FA GT=A
F—=GT=A

1L

-L

AL

VL

—L

AT=ADN
Fr=a
r=-F,A
= FA =G,A

= FAG,A MR
r=FGA
r=FvGA '
FlT=G,A .
N=F—G,A -
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Sequent Calculus rules

Intuition: read backwards as proof search rules

Troa -t AT = AL
r=FrA Fr=4
Froa r—-Fa K
FGr=a (= FA [=64A
FAGT=a | = FAG,A A
FIT=A GTIT=A N=F,GA
FVGT=A Vi r=rfvga 'K
r=FA GI=A , F.lT=6GA R
F—=GT=A - r=F—-GAa

Every rule decomposes its principal formula
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= (PVR)AN(QV—-R)—=PVQ
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S (PVR)A(QV-R) - PVQ

F.T=GA

r—F>ca F

R
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(PVR)A(QV—=R)= PV Q

~ PVRA(QV-R) =PvQ R

F.T=GA

r—F>ca F
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(PVR A(Qv-R) =PvQt

~ PVRA(QV-R =PvaQ K

F,G,T = A

Frcr=oa /M
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PVR,QV-R=PVQ
(PVRIA(QV-R) = PvQ"

L

~ PVRA(QV-R =PvaQ K

F,G,T = A

Frcr=oa /M
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PVR.QV-R=PvQ "R
(PVRIA(QV-R) = PvQ"

L

~ PVRA(QV-R =PvaQ K

N=F,GA

r=rfvc.a 'R
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PVRQV-R=P.Q
PVR,QV-R=PVvQ " \
(PVR)A(QV=R)= PV Q

L

~ PVRA(QV-R =PvaQ K

N=F,GA

r=rfvc.a 'R
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PVRQV-R=P.Q
PVR,QV-R=PVvQ " \
(PVR)A(QV=R)= PV Q

L

~ PVRA(QV-R =PvaQ K

F.T=A GTI=A
FVvGT=A

VL

VL
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P.QV-R=P,Q R.QV-R=P,Q
PVR,QV—-R=P,Q v
PVR.QvV-R=PvQ "R

(PVRIA(QV-R) = PvQ"
~ PVRA(QV-R =PvaQ K

L

F.,T=A GIT=A
FVvGT=A

VL

L
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P.QV-R=P,Q ™ R QV-R=P,Q

PVR,QV-R=P,Q

PVR.Qv-R=PvQ "R
(PVR)A(QV-R) =PvQ"
~ (PVR)A(QV=R) > PvQ F

L

AT=AA
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P.QV-R=P Q"™ RQV-R=P.Q
PVR,QV—-R=P,Q v
PVR.QvV-R=PvQ "R

(PVRIA(QV-R) = PvQ"
~ PVRA(QV-R =PvaQ K

L

F.,T=A GIT=A
FVvGT=A

VL

L

VL
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R,QR=P,Q R,-R=P,Q

P.QV-R=P Q"™ RQV-R=P.Q
PVR,QV—-R=P,Q v
PVR.QvV-R=PvQ "R

(PVRIA(QV-R) = PvQ"
~ PVRA(QV-R = PvaQ K

L

L

F.T=A GTI=A
FVvGT=A

VL

VL
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RO=P.O™ R-R=PQ

P.QV-R=P,Q "™ R,QV-R= P,Q

PVR,QV-R=P,Q

PVR.Qv-R=PvQ "R
(PVR)A(QV-R) =PvQ"
~ (PVR)A(QV=R) > PvQ F

L

AT=AA
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RQG=>PQ™ R-R=pPQ "L

P.QV-R=P Q"™ R QV-R=P.Q
PVR,QV—-R=P,Q v
PVR.QvV-R=PvQ "R

(PVRIA(QV-R) = PvQ"
~ PVRA(QV-R = PvaQ K

L

= FA

Fr=sa

L

VL
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R=R,P,Q

RO=P Q™ R-R=P.Q

P.QV-R=P Q"™ RQV-R=P.Q
PVR,QV—-R=P,Q v
PVR.QvV-R=PvQ "R

(PVRIA(QV-R) = PvQ"
~ PVRA(QV-R =PvaQ K

L

L

=L
VL
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| R:>R,P,QAXL
RQ=P,Q"™™ R -R=P,Q

P.QV-R=P,Q "™ R.QV-R= P,Q

PVR,QV-R=P,Q

PVR.Qv-R=PvQ "R
(PVR)A(QV-R) =PVvQ"
~ (PVR)A(QV=R) > PvQ F

L

AT=>AA
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Proof search properties

» For every logical operator (— etc)
there is one left and one right rule

» Every formula in the premise of a rule
is a subformula of the conclusion of the rule.
This is called the subformula property.

= no need to guess anything when applying a rule backward

» Backward rule application terminates
because one operator is removed in each step.
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Instances of rules

Definition
An instance of a rule is the result of replacing I' and A by

multisets of concrete formulas and F and G by concrete formulas.

Example

= PAQ,A B
~(PAQ)=AB

is an instance of
M= FA

“FT=A
setting F .=PAQ,T:=0, A:={A B}
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Proof trees

Definition (Proof tree)
A proof tree is a tree whose nodes are sequents and where each
parent-children fragment

St ... 5
S

is an instance of a proof rule.

(= all leaves must be instances of axioms)

A sequent S is provable (or derivable) if there is a proof tree with

root S.
We write ¢ S to denote that S is derivable.
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Proof trees

An alternative inductive definition of proof trees:

Definition (Proof tree)

If
S5 ... S,
S
is an instance of a proof rule and
there are proof trees Ty,... T, with roots S1,...,5,
then
T, ... T,
S

is a proof tree (with root S).
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What does I = A “mean”?

Definition

r=al = (Ar-\a)

Example: [{A,B} = {P,Q} =(AAB — PV Q)
Remember: A =T and \/0 =L

In the following slides we prove: ¢ S iff = |S]
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Soundness

Lemma (Rule Equivalence)
S1 ... S,
S

> |5‘ = ’S]_|/\.../\|Sn’
» |S| is a tautology iff all |S;| are tautologies

For every rule

Proof: Exercise.

Theorem (Soundness of F¢)
If F¢ S then = |S].

Proof by induction on the height of the proof tree for ¢ S.
Tree must end in rule instance
S5 ... S,
S

If n =0 then we vacuously have |= |S;| for all i.
If n> 0 then by IH we also have = |S;| for all i.
So [=|Sj| for all i, hence |= |S| by Rule Equivalence. 131



Proof search = growing a proof tree from the root

To prove completeness we first examine the properties of the
proof search procedure:

» Start from an initial sequent Sp

> At each stage we have some potentially partial proof tree
with unproved leaves

» In each step, pick some unproved leaf S and some rule
instance
S5 ... S,

S

and extend the tree with that rule instance
(creating new unproved leaves Sy, ..., 5S,)

132



Proof search terminates if ...

» there are no more unproved leaves — success

» there is some unproved leaf where no rule applies — failure
By the rules, that leaf is of the form

Pi,....,Pc=Q1,...,Q

where all P; and Q; are atoms, no P; = Q;, and no P; = L.

Example (failed proof)

p=p X Q=P , P=Q Q:QC)L(
PvVQ=PFP P\/Q:>Q/\R
PVQR=PAQ

Falsifying assignments?
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Proof search always terminates

Lemma (Termination)

Proof search terminates from any initial sequent Sg.

Proof

In every step, one logical operator is removed.
= Size of sequent decreases by 1

= Depth of proof tree is bounded by size of Sy
= Construction of proof tree terminates.

Observe: Breadth only bounded by 2572 of %o
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Proof search preserves equivalence

Lemma (Search Equivalence)

At each stage of the search process,
if S1,...,Sk are the unproved leaves, then |So| = |S1| A ... A |Sk]|

Proof by induction on the number of search steps.
Initially trivially true (base case).
When applying a rule instance

v ... U,
S;
we have
|So| E|51| VAN ‘5,| VANPIRAN |Sk|

(by 1H)
=|S1| A ALSi—1 AU A - AU A |Siga] Ao A Sk

(by Lemma Rule Equivalence)



Completeness

Lemma
If proof search fails, |Sp| is not a tautology.

Proof If proof search fails, there is some unproved leaf
S= Pl,...,Pk:>Q1,...,Q/

where all P;, Q; atoms, no P; = Q; and no P; = L.
Any assignment A with A(P;) =1 (for all i)

and A(Q;) = 0 (for all j) satisfies A(|S]) = 0.
Thus A(|So|) = 0 by Lemma Search Equivalence.

Because of soundness of Fg:

Corollary

Starting with some fixed Sy, proof search cannot both fail (for
some choices) and succeed (for other choices).

= no need for backtracking upon failure!
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Completeness

Theorem (Completeness)

If = |S| thent¢ S.

Proof by contraposition: if not ¢ S then proof search must fail.
Therefore £ |S|.

Corollary

Proof search is a decision procedure: it always terminates and it
succeeds iff = S.
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Multisets versus sets

Termination only because of multisets.
With sets, the principal formula may get duplicated:

F:>F,A r={-F} —|F:>F,A

Fr=a Lt~ TFza

An alternative formulation of the set version:

N{-F} = F,A
~F.T=A

Gentzen used sequences (hence “sequent calculus™)
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Admissible Rules and Cut Elimination
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Admissible rules

Definition
A rule
S5 ... S,
S
is admissible if F¢ 51, ..., Fg S, together imply ¢ S.

= Admissible rules can be used in proofs like normal rules

Admissibility of
S5 ... S,
S

can be shown semantically (using ¢ iff =)
by proving that = |S1|, ..., = |Sa| together imply = |S|.

Proof theory is interested in syntactic proofs that show how to
eliminate admissible rules.
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Cut elimination rule

Theorem (Gentzen's Hauptsatz)
The cut elimination rule

N=FA ILF=A
M= A

cut

is admissible.
Proof Omitted.

Proofs with cut elimination can be much shorter than proofs
without!

But: applying the rule needs creativity! (find the right F)
Intuitively: Proof of Gentzen's theorem shows how to replace
creativity by calculation.

Many applications.
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Tableaux Calculus
Propositional Logic

A compact version of sequent calculus

142



The idea

What's “wrong” with sequent calculus:

Why do we have to copy(?) I and A
with every rule application?

The answer: tableaux calculus.
The idea:

Describe backward sequent calculus rule application
but leave I and A implicit/shared

Comparison:

Sequent Proof is a tree labeled by sequents,
trees grow upwards

Tableaux Proof is a tree labeled by formulas,
trees grow downwards

Terminology: tableau = tableaux calculus proof tree
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Tableaux rules (examples)

Notation: +F = F occurs on the right of =
—F =~ F occurs on the left of =
S.C. Tab. Effect
F.T=A L +F +TF
= -F,A —F F
+FVG
+FV G ’
N=F,G,A - 1F = oF
= FVG,A e |
+G
r=FA T=GA _ +FAG +F/QG
= FAG,A +F|+G

+F +G
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Interpretation of tableaux rule

FGH

if F matches the formula at some node in the tableau
extend the end of some branch starting at that node
according to FGH.
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Example

—-A—B
—-B—C
—A
+C

A—-B,B—CA=C
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From tableau to sequents:

» Every path from the root to a leaf in a tableau
represents a sequent

> The set of all such sequents represents
the set of leaves of the corresponding sequent calculus proof
=

» A branch is closed (proved) if both +F and —F occur on it
or —L occurs on it

» The root sequent is proved if all branches are closed

Algorithm to prove Fi,...= Gi,...:
1. Start with the tableau —F1,...,+Gy,. ...

2. while there is an open branch do
pick some non-atomic formula on that branch,
extend the branch according to the matching rule
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Termination

No formula needs to be used twice on the same branch.
But possibly on different branches:

+-AN-B
+AV B

A formula occurrence in a tableau can be deleted
if it has been used in every unclosed branch
starting from that occurrence
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Tableaux rules

—F +-F
+F “F
—FAG
_F +FAG
e TF 4G
FVvG
—Fve T
—Fl-¢ +G
F—G
FoG =
+F |-G

+G
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Natural Deduction
Propositional Logic

(See the book by Troelstra and Schwichtenberg)

150



Natural deduction (Gentzen 1935) aims at natural proofs.
It formalizes good mathematical practice.

Resolution, but also sequent calculus, aim at proof search.
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Main principles: Introduction and elimination rules

1. For every logical operator & there are two kinds of rules:

» Introduction rules: How to prove F & G
F& G

» Elimination rules: What can be proved from F & G

Fao G ...
Examples
A B FAG FAG
ang Fo B c b
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Main principles: Local assumptions
2. Proof can contain subproofs with local/closed assumptions

Example

Inference rule formalizing “if from the local assumption F we can
prove G then we can prove F — G":

[F]
G —
F—G
A proof tree:
G
PrQ "

PP

“From the (open) assumption @ we can prove P — P A Q."
In symbols: @y P— PAQ
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Main principles: Growing the proof tree

Upwards:
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Main principles: Growing the proof tree

Upwards:

P—PAQ
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Main principles: Growing the proof tree

Upwards:

PopPr@
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Main principles: Growing the proof tree

Upwards:

PAQ

PopPr@
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Main principles: Growing the proof tree

Upwards:

Al

PAQ )

P—PAQ
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Main principles: Growing the proof tree

Upwards:
P Q
PAQ
P—PAQ

Al
— 1
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Main principles: Growing the proof tree

Upwards:
[Pl @
PAQ
PSPAQ

Al
— 1
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Main principles: Growing the proof tree

Upwards:
[Pl @
PAQ N/
PSPAQ

Downwards:
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Main principles: Growing the proof tree

Upwards:
[Pl @
prq M /
PSPAQ
Downwards:
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Upwards:
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Downwards:
P Q

Al
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Upwards:
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Main principles: Growing the proof tree

Upwards:
[Pl @
prq M /
PSPAQ
Downwards:
P Q
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Main principles: Growing the proof tree

Upwards:
[Pl @
PAQ Al /
PSPAQ
Downwards:
P Q
PAQ N
—/

P—PAQ
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Main principles: Growing the proof tree

Upwards:
[Pl @
prq M /
PSPAQ
Downwards:
Pl @ ,
PAQ A
— !

P—PAQ
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ND proof trees

» The nodes of a ND proof tree are (labeled by) formulas.

» Leaf nodes are called assumptions.

» The root is called the conclusion.

» Assumptions can be open or closed.

» Closed assumptions are written [F].

» [y F denotes that there is a proof tree with conclusion F
whose open assumptions belong to the set of formulas .
(Reading: F is provable (derivable) from T.)

Intuition:

» A proof tree shows that the conjunction of the open
assumptions entails the conclusion.

» Closed assumptions are auxiliary local assumptions in a

subproof that have been closed ( “discharged”) by some proof
rule like — /.
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ND proof trees

ND proof trees are defined inductively:

» Every formula F is a ND proof tree with open assumption F
and conclusion F.
(Intuition: From F we can prove F.)

» Larger proof trees are constructed using the rules of ND:

e Introduction and Elimination rules for A,V, —, =, plus
e a rule for L.

The application of a rule (backwards or forwards) adds new
nodes to the tree and possibly closes some assumptions:
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Natural Deduction rules

F G
FAG

Al

[F]

G
F—G

_F _G
Fve b Fye vk

[F]

£ NEL ET AE
F—>GG F . F
[f] [§]
F\/GHH H VE
[jF]
rE o, P
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Natural Deduction rules

How to read a rule
[F]

Forward:
When applying rule r, in the proof of G we can close all (or some)
of the assumptions F.

Backward:
In the subproof of G we can use the local assumption [F].

We can use labels to show which rule application closed which
assumptions (the slides won't but you must!).
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Examples of proofs
P— QFy—-Q— —P:

[PI? P—Q

0 —E:4

~Q]!
T =@l -E:3
=P =2
— =

—(PVQ)Fny~PA-Q:

P]? 5
P[V]Q\//:4 &\/lﬁ

(Pva) . PV Py

L . ' L
—p 12 -Q

-PA-Q

=I5
Vi1

E:6
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Soundness

Lemma (Soundness)
IfT =y F thenT = F

Proof by induction on the depth of the proof tree for [ -y F.

Base: The tree has only one node F and F € T.
Step: Case analysis of first rule applied (upwards).

Case: first rule is GoF G —E

F
Let A arbitrary such that A(l') = 1. We prove A(F) =1
IHT=EG— Fand =G

IH and A(T") =1 yields A(G — F) =1 and A(G) = 1.
So A(F)=1
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Soundness

[e]

Case: first rule is

G F

Toshow: =G — F
IH:T,GEF

iff
iff
iff
iff

NrN=G—F

forall A: AET=AEG—F
forall 4 AET=UEG=AEF)
foral A (AETand AEG) = AEF
IH
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Towards completeness: ND can simulate truth tables

Lemma (Tertium non datur)

by FV —F
Proof:
il I:6
[(Fv-F)* Fv-F 2
T -E:5
= 14
F__"un3
[=(F Vv —=F)]* Fv-F "~
-E:2

T
FV—F

1:1
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Towards completeness: ND can simulate truth tables
Definition
pa_ [ F ifAF) =1
' -F if A(F)=0

Lemma (1)

If atoms(F) C {Aq,...,A,} then A{, ... Al -y FA for every A.

Proof By induction on F.
Only the case F = G — H. Three subcases:

A(H)=1. Then HA=H, (G — H)* = G — H.
To prove: Af',... A7 by G — H. By IH: A, Ast by H.
H IH
G—+H

— 1
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Towards completeness: ND can simulate truth tables

A(G) =0. Then G4 =-G, (G — H)*A =G — H.
To prove: Af',... A2y G — H. By IH: Af, ... Al -y =G,

6 ~¢ ",
L 4
¢G-H !
A(G) =1 and A(H) = 0. Then GA = G, HA = —H,
To prove: Afl,... Aty =(G — H).
By IH: Af\,... A2t -y G and A, ... A2y —H.

cG-H ¢ M
g — —E = H
T 1
—

-(G — H)
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Towards completeness: ND can simulate truth tables

Corollary (Cases)
IFF,TFy G and —F,T -y G then T Fy G.

Proof: By Lemma (Tertium non datur) F,I Fy FV =F.
Apply

[F] [oF]

FV-F G G
G

VE
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Completeness

Lemma (2)

If atoms(F) = {A1,...,An} and |= F then A, ... Al - F for
every A and for all k < n.

Proof by (downward) induction on k = n,...,0.

k=n. A{,..., A4y F holds by Lemma (1) and FA = F
because F is valid.

k< n. BylH A} ... Ay F for every A.

To prove: Afl,.. -=A7<4—1 Fn F for every A.

Let A arbitrary. Define A by A(A;) = A(A;) for every i < k and
A(Ak) = 1 — A(Ax). -

Assume w.l.o.g. A(Ax) =1 (otherwise swap A and A).

Then AA = AA for every i < k, and A = AL

Taking F := .Ajf‘, r.= A“f‘, e ,Afil, and G := F in Corollary
(Cases) yields A, ..., A} Fn F.
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Completeness

Theorem (Completeness)
IfT = F thenT by F.

Proof Only for I := G (general case left as exercise).

Assume G | F.

We have = G — F and so -y G — F by Lemma (2) with n = 0.
Applying
G—=~F G

F —E

yields G -y F.
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Hilbert Systems
Propositional Logic

(See the book by Troelstra and Schwichtenberg)
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Easy to define, hard to use.
No context management.
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Hilbert systems and proof trees

A Hilbert system for propositional logic consists of
> a set of axioms axioms (formulas over formula variables)
» and a single inference rule, —E or modus ponens:

F—G F

G —E

Nodes of a proof tree are (labeled with) formulas.

Proof trees are defined inductively:
» Every formula F is a proof tree.

» Larger proof trees are constructed using —E (and —E only).

I by F denotes that there is a proof tree with root F whose leaves
are either instances of axioms or elements of I (assumptions).

170



Alternative presentation

Proofs in Hilbert systems are frequently shown as lists of lines

1: F justificatiom
2: F, justificationy

i: F;  justification;
n: F, justification,

assumption,
where justification; is either < axiom,
—E (j, k), with j, k < i.



Notational convention:

F—G—H means

F—(G— H)

Note: F—-G—+H = FAG—H
F—-G—-H # (F—-G)—H
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A simple Hilbert system

Axioms: F — G — F
(F-G—H) —-(F—>G)—-F—H

A proof of A — A:
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A simple Hilbert system
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A simple Hilbert system

Axioms: F — G — F
(F-G—H) —-(F—>G)—-F—H

A proof of A — A:
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A simple Hilbert system

Axioms: F — G — F (A1)
(F>G—H)—-(F>G)—=F—>H (A2

A proof of A — A:

1:

2:

3: A=A
4

5:A— A —E :3,4



A simple Hilbert system

Axioms: F — G — F (A1)
(FG—-H) - (F>G)—=F—=H (A2

A proof of A — A:

1:

2:
3:(AA—-A) A A
4:A—-A—-A

5:A—-A

—E :3,4
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A simple Hilbert system

Axioms: F — G — F (A1)
(FG—-H) - (F>G)—=F—=H (A2

A proof of A — A:

1:

2:

3:(AA—-A) A A

4:A—-A—-A Al
5:A— A —E :3,4
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A simple Hilbert system

Axioms: F — G — F (A1)

(F>G—H)—-(F>G)—=F—>H (A2

A proof of A — A:

1:

w

(6;]

- (A-A—=A) A=A

T (A—-A—-A)—-A-A
A A=A
A=A

—E:21
Al
—E :3,4
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A simple Hilbert system

Axioms: F — G — F (A1)
(FG—-H) - (F>G)—=F—=H (A2

A proof of A — A:

1:(A=5 (A=A A=A AA A A
2:A-5 (A= A) - A

3:(AA—-A) A A —E:21
4:A—-A—-A Al
5:A— A —E :3,4
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A simple Hilbert system

Axioms: F — G — F (A1)
(FG—-H) - (F>G)—=F—=H (A2

A proof of A — A:

1:(A=5 (A=A A=A AA A A
2:A-5 (A= A) - A

3:(AA—-A) A A

4:A—-A—-A

5:A—-A

Al
—E: 2,1
Al
—E :3,4
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A simple Hilbert system

Axioms: F — G — F (A1)
(FG—-H) - (F>G)—=F—=H (A2

A proof of A — A:

1:(A=5 (A=A A=A AA A A
2:A-5 (A= A) - A

3:(AA—-A) A A

4:A—-A—-A

5:A—-A

A2
Al
—E:2,1
Al
—E :3,4
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A simple Hilbert system

Axioms: F — G — F (A1)
(FG—-H) - (F>G)—=F—=H (A2

A proof of A — A:

1:(A=5 (A=A A=A AA A A
A (A= A)— A

(A=A A)—-A-A

A=A A

ca A w N

A=A

=y As A

A2
Al
—E:2,1
Al
—E :3,4
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A simple Hilbert system

Axioms: F — G — F (A1)
(FG—-H) - (F>G)—=F—=H (A2

A proof of A — A:

1:(A=5 (A=A A=A AA A A A2
2:A-5 (A= A) - A Al
3:(AA—-A) A A —E:21
4:A=>A—= A Al
5:A—=A —E 3,4
=FyA—A

Observe: The same proof can be used to derive F — F for any
formula F.
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Theorem (Deduction Theorem)
In any Hilbert-system that contains the axioms Al and A2:

FTby G iff TFHF—G

Proof "<": Assume 'y F — G. We prove F,I 4 G.

MrM-ugF—G
= FItyuF—>G
= FITFyG by —E because F,I -y F
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Theorem (Deduction Theorem)
In any Hilbert-system that contains the axioms Al and A2:

FTby G iff TFHF—G

Proof "=": Assume F,I -y G with a proof of length n.

We prove I -y F — G by induction on n.

Base: n = 1. Then either G € T U{F} or G is instance of axiom.
» G =F. To prove: [ =y F — F. Done earlier.
» G T or instance of axiom.

1:G
2:G—>F—=G Al
3:F—=G —E:1,2
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Theorem (Deduction Theorem)
In any Hilbert-system that contains the axioms Al and A2:

FTby G iff TFHF—G

Proof "=": Assume F,I -y G with a proof of length n.
We prove I -y F — G by induction on n.

Step: n > 1. Assume last —E gives G from H — G and H.

H:TFy F—Hand Ty F— H — G.
To prove: T Fy F — G.

A2 (F+H—-G)—-(F—-H)—-F—-G F—-H—=G
(F>H)—-F—=G F—H
F—G
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Hilbert System

From now on I refers to the following set of axioms:

F—G—F (A1)
(FG—-H)—>(F=>G)—F—H (A2
F—-G—FAG (A3)
FANG—F (A4)
FAG—G (A5)
F5FVG (A6)
G—>FVG (A7)
FVG—(F—H)—(G—H)—H (A8)
(-F—1)—F (A9)

We prove soundness and completeness.
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Relating
Hilbert and Natural Deduction
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Theorem (Hilbert can simulate ND)
IfTHny F then Ty F

Proof. Translation in two steps:

l_N gz l_H + — @ Fy

1. Transform a ND-proof tree into
a proof tree containing Hilbert axioms, —E, and —/
by replacing all other ND rules by Hilbert proofs with —/

Principle: ND rule ~~ 1 axiom + —//E

2. Eliminate —/ rules using the Deduction Theorem

179



Theorem (ND can simulate Hilbert)
IfT'Fy F thenT =y F

Proof by induction on the length of the Hilbert proof of F.
» Every Hilbert axiom is provable in ND (Exercise!).
» —E is also available in ND.

Corollary
[y Fiff Ty F

Corollary (Soundness and completeness)
[y Foiff T=F
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First-Order Predicate Logic
Basics
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Syntax of predicate logic: terms

A variable is a symbol of the form x; where i =1,2,3....

A function symbol is of the form f,-k where i =1,2,3... and
k=0,1,2....

A predicate symbol is of the form PX where i = 1,2,3... and
k=0,1,2....

We call i the index and k the arity of the symbol. Function

symbols of arity 0 are called constant symbols.
Instead of £0() we write £.

Terms are inductively defined as follows:
1. Variables are terms.

2. If f is a function symbol of arity k and ti,..., t, are terms
then f(t1,...,tx) is a term.
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Syntax of predicate logic: formulas

If P is a predicate symbol of arity k and t1,..., tx are terms then
P(t1,...,tx) is an atomic formula.
If Kk =0 we write P instead of P().
Formulas (of predicate logic) are inductively defined as follows:
» Every atomic formula is a formula.
» If F is a formula, then —=F is also a formula.

» If F and G are formulas,
then FA G, FV G and F — G are also formulas.

» If x is a variable and F is a formula,
then Vx F and dx F are also formulas.
The symbols V and 3 are called the universal and the
existential quantifier.
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Syntax trees and subformulas

Syntax trees are defined as before, extended with the following
trees for VxF and 3xF:

Vx Ix

| |
F F

Subformulas again correspond to subtrees.
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Sructural induction of formulas

Like for propositional logic but
» Different base case: P(P(t1,...,tk))

» Two new induction steps:

prove P(Vx F) under the induction hypothesis P(F)
prove P(3x F) under the induction hypothesis P(F)
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Naming conventions

X, Y, z, ... instead of Xy, x2, x3, ...
a, b c, ... for constant symbols
f,g h, ... for function symbols of arity > 0

P,Q,R, ... instead of Pk

1



Precedence of quantifiers

Quantifiers have the same precedence as —

Example

Vx P(x) A Q(x) abbreviates (Vx P(x)) A Q(x)
not Vx (P(x) A Q(x))

Similarly for Vv etc.

[This convention is not universal]
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Free and bound variables, closed formulas

A variable x occurs in a formula F if it occurs in some atomic
subformula of F.

An occurrence of a variable in a formula is either free or bound.

An occurrence of x in F is bound if it occurs in some subformula
of F of the form IxG or VxG; the smallest such subformula is the
scope of the occurrence.

Otherwise the occurrence is free.

A formula without any free occurrence of any variable is closed.

Example
Vx P(x) — Jy Q(a, x,y)
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Exercise

Closed?

Vx P(a)
Vxdy (Q(x,y) V R(x,y)) | Y
Vx Q(x,x) — Ix Q(x,y) | N
Vx P(x) VVx Q(x,x) Y
Vx (P(y) AVy P(x)) N
P(x) — 3Ix Q(x, f(x)) N
Formula?

Ix P(f(x))

)
3f P(f(x))
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Semantics of predicate logic: structures

A structure is a pair A= (Uy, I4)

where Uy is an arbitrary, nonempty set called the universe of A,
and the interpretation /4 is a partial function that maps

> variables to elements of the universe Uy,

» function symbols of arity k to functions of type Uffl — Uy,

> predicate symbols of arity k to functions of type Ufjt — {0,1}
(predicates)  [or equivalently to subsets of UX (relations)]

4 maps syntax (variables, functions and predicate symbols)
to their meaning (elements, functions and predicates)

The special case of arity 0 can be written more simply:
> constant symbols are mapped to elements of Uy,

» predicate symbols of arity 0 are mapped to {0,1}.
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Abbreviations:

A

abbreviates  /4(x)
A )

abbreviates 1 4(f
PA  abbreviates I4(P)

I4(P) = PA={(m,n)| mneNand m< n}

I4(Q) = QA= {m| mée&Nand mis prime}

I4(f) is the successor function: f4(n) =n+1

l4(g) is the addition function: g4(m,n) =m+n

la(a) = a” =2

la(z) = zA =3

Intuition: is Vx P(x,f(x)) A Q(g(a,z)) true in this structure?
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Evaluation of a term in a structure

Definition

Let t be a term and let A = (U4, 14) be a structure.

A is suitable for t if /4 is defined for all variables and function
symbols occurring in t. The value of a term t in a suitable

structure A, denoted by A(t), is defined recursively:

Definition

Let F be a formula and let A = (U4, 14) be a structure.

A is suitable for F if [ is defined for all predicate and function
symbols occurring in F and for all variables occurring free in F.



Evaluation of a formula in a structure

Suitable structures for Vx(P(x) — JyQ(x,y))

A
Ui
pA
QM

A>
U
pA:
QA

= (U1, h)

A3
U3
pAs

Q™

As
Us
pAs
QA

(Us, I3)

= {37 b}
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Evaluation of a formula in a structure

Let A be suitable for F. The (truth) value of F in A, denoted by
A(F), is defined recursively:

A(=F), A(F A G), A(FV G), A(F— G)

as for propositional logic.

AP(ta, ..., t)) { 1 if (A(tr),...,A(tk)) € pA

0 otherwise

B 1 if for every d € Ua, (A[d/x])(F) =1
A(vx F) = { 0 otherwise

B 1 if for some d € U4, (Ald/x])(F)=1
A@x F) = { 0 otherwise

Recall: A[d/x] coincides with A except xAl9/x] = d.
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Notes

» During the evaluation of a formulas in a structure, the
structure stays unchanged except for the interpretation of the
variables.

» If the formula is closed, the initial interpretation of the
variables is irrelevant.
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Coincidence Lemma

Lemma
Let A and A’ be two structures that coincide on all free variables,
on all function symbols and all predicate symbols that occur in F.

Then A(F) = A'(F).
Proof.

Exercise. O
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Relation to propositional logic

» Every propositional formula can be seen as a formula of
predicate logic where the atom A; is replaced by the atom P,p.

» Conversely, every formula of predicate logic
that does not contain quantifiers and variables
can be seen as a formula of propositional logic
by replacing atomic formulas by propositional atoms.

Example
F = Q(a) v —~P(f(b), b) A P(b, f(b))

can be viewed as the propositional formula

F/:A]_\/—\AQ/\A3.
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Predicate logic with equality

Predicate logic
+
distinguished predicate symbol “=" of arity 2

Semantics: A structure A of predicate logic with equality always
maps the predicate symbol = to the identity relation:

A(=) = {(d,d) | d € Ua}
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Formalizing statements

“Formalizing” a statement in predicate logic means to give a
formula F and a structure A such that “the meaning of F in A
corresponds to the statement.” More prcisely: every structure that
extends A is a model of F.

Intuitively, the symbols interpreted in A are those that the
formalizer assumes are known by whoever is going to read the
formula. F may contain other symbols, but then F must define
what they mean (see next slides).

Typically, the formalizer chooses names for the symbols that
suggest their meaning. The structure is often omitted, because it
is assumed to be known (danger!).

We give different formalizations of the statement

There are infinitely many prime numbers
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Formalization |

If the meanings of “prime” and “‘greater-than” are known, then
we can take:

Fi: Vx3y (Pr(y) Ay > x)

Ay UA = N
Prt = {neN|nis prime}

>4 = {(nm)eN|n>m}

What if the meaning of “prime” is not known?
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Formalization [l
If the meaning of “divides” and “one” are known, then we can
take:
Fo: Vx (Pr(x) <> Vy (Dv(y,x) — (y = x V y = one)))
— Vx3y (Pr(y) ANy > x)

Ar U2 = N
Dv* = {(n,m) e N| n divides m}
>4 = {(n,m)eN|n>m}

one2 = 1

We are now stating “ if we define prime numbers as ... then there
are infinitely many prime numbers”.

What if the meaning of “divides” is not known?
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Formalization Ill
If the meaning of “product” is known , then we can take

Fs3: VxVy (Dv(x,y) <> 3z prod(x,z) = y)
A Vx(Pr(x) < (Vy Dv(y,x) — (y = x Vy = one)))
— Vx3y (Pr(y) Ay > x)

(the conjunction of the first two formulas implies the third)

Aj: U4 = N
>4 = {(n,m)eN|n>m}
ones = 1
prod3(n,m) = n-m

What if the meaning of “product” is not known 7
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Formalization IV

If the meaning of “sum”, “successor”, “one” and ‘“zero” is known,
then we can take

Fa: Vx prod(x, zero) = zero
A VxVy prod(x, succ(y)) = sum(prod(x,y),y)
A VxVy(Dv(x,y) <> 3z prod(x,z) = y)
A Vx(Pr(x) <> (Vy Dv(y,x) — (y = x Vy = one)))

— Vx3dy (Pr(y) ANy > x)
Ay only defines >, sum, succ, one, zero.

Observe: prod is defined inductively. The definition is no longer a
macro, in the sense that we cannot produce an “equivalent”
formula without the symbol prod.

What if the meaning of “sum” is not known?
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Formalization V

Fs: Vx sum(x, zero) = x

Vx Yy sum(x, succ(y)) = succ(sum(x, y))
Vx prod(x, zero) = zero

VxVy prod(x, succ(y)) = sum(prod(x,y),y)
VxVy (Div(x,y) <> 3z prod(x,z) = y)

> > > > >

Vx (Pr(x) < (Yy Div(y,x) = (y = x V y = one)))
— Vx3y (Pr(y) Ay > x)

As only defines >, succ, one, zero.

What if the meaning of ‘greater than” and “one” is not known?
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Formalization VI

Fe: one = succ(zero)
VxVy (x >y <> 3z (z = zero) A sum(y, z) = x)
Vx sum(x, zero) = x
Vx Yy sum(x, succ(y)) = succ(sum(x, y))

Vx prod(x, zero) = zero

VxVy (Div(x,y) <> 3z prod(x,z) = y)

A

A

A

A

A VxVy prod(x,succ(y)) = sum(prod(x,y),y)

A

A ¥x(Pr(x) < (Vy Div(y,x) = (y = x V y = one)))
—

Vx 3y (Pr(y) Ay > x)

Ag only defines succ, zero.

205



Model, validity, satisfiability

Like in propositional logic

Definition
We write A = F to denote that the structure A is suitable for the

formula F and that A(F) = 1.
Then we say that F is true in A or that A is a model of F.

If every structure suitable for F is a model of F,
then we write |= F and say that F is valid.

If F has at least one model then we say that F is satisfiable.
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Exercise

V: valid

S: satisfiable, but not valid

U: unsatisfiable

Vx P(a)

Ix (=P(x) vV P(a))

P(a) — 3x P(x)

P(x) — 3Ix P(x)

Vx P(x) — 3x P(x)

Vx P(x) A =Yy P(y)
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Consequence and equivalence

Like in propositional logic

Definition

A formula G is a consequence of a set of formulas M

if every structure that is a model of all F € M and suitable for G
is also a model of G. Then we write M = G.

Two formulas F and G are (semantically) equivalent
if every structure A suitable for both F and G satisfies
A(F) = A(G). Then we write F = G.
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Exercise

1. Vx P(x) vV Vx Q(x, x)
2. ¥x (P(x) V Q(x,x))
3. ¥x(Vz P(z) VVy Q(x,y))

12

23

31
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Exercise

1. Iy Vx P(x,y)
2. ¥x3y P(x,y)

12

2E1
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Exercise

VxVy F = VyvVx F

Vxdy F = dxVyF

dxdy F = dydx F

VxFVVYxG = Vx(FVG)

VxFAVxG = ¥x(FAG)

(
IxFV3IxG = Ix(FVG)
IxFAIxG = Ix(FAG)
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Exercise

P(x) = 3xP(x)
) (

P(x) = VxP(x)
P(a) = P(x)
P(x) = P(y)

VxVy P(y) = VxP(x)

IxVy P(y) = VxP(x)
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Equivalences

Theorem
1. =VxF = 3dx—~F
—-3Ix F =Vx—-F

2. If x does not occur free in G then:
VxFAG=Vx(FAG)
VxFV G=Vx(FVG)
IAxFAG=3x(FAG)
dxFV G=3x(FVG)

3. X FAVXxG =Vx(FAG)
AxF Vv IxG = Ix(F Vv G)

4. VYxVy F =VyVxF
dxdy F =dydx F
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Replacement theorem

Just like for propositional logic it can be proved:

Theorem

Let F = G. Let H be a formula with an occurrence of F as a
subformula. Then H = H’, where H' is the result of replacing an
arbitrary occurrence of F in H by G.
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First-Order Logic
Normal Forms
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Abbreviations

We return to the abbreviations used in connection with resolution:

F1 — F> abbreviates —F;V Fp
T abbreviates P? v —PY

1 abbreviates P? A —P?
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Substitution

» Substitutions are mappings from variables to terms.
» By [t/x] we denote the substitution that replaces x by t.

» The notation F[t/x] (“F with t for x") denotes the result of
replacing all F RE Efree occurrences of x in F by t.

Example: (vx P(x) A QUO)IF()/x] = ¥x P(x) A Q(F(¥))

» Similarly for subsitutions in terms:
u[t/x] is the result of replacing x by t in term u.

Example: (f(x))[g(x)/x] = f(&(x))
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Variable capture

If a term t of F contains a bound occurrence of a variable,
substitution may lead to variable capture:

(Vx PO y))IF(x)/yl = Vx P(x, f(x))

Variable capture must be avoided
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Substitution lemmas

Lemma

Alult/x]) = (ALA(t)/x])(v)-

Proof by structural induction on w.

Lemma (Substitution Lemma)

If t contains no variable bound in F then
A(F[t/x]) = (A[A(t)/x])(F).

Proof by structural induction on F with the help of the lemma on
terms.
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Warning

The notation .[./.] is heavily overloaded:

Substitution in syntactic objects
F[G/A] in propositional logic
Flt/x]
u[t/x] where u is a term

Function update

A[v/A] where A is a propositional assignment
A[d/x] where A is a structure and d € Uy

220



Overall goal

Transform any formula Fof length m into a closed formula
Vxi...Vx, G where G is quantifier-free,

of lengt O(m) that is equisatisfiable with F.
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Rectified Formulas

Definition
A formula is rectified if no variable occurs both bound and free
and all quantifiers in the formula bind different variables.

Lemma

Let F = Qx G be a formula where Q € {V,3}.
Let y be a variable that does not occur in G.
Then F = Qy G[y/x].

Lemma
Every formula is equivalent to a rectified formula.

Example
Vx P(x,y) A3x3y Q(x,y) = Yx' P(x',y) A3x3y’ Q(x,y")
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Prenex form

Definition
A formula is in prenex form if it has the form

Qly1 . Qnyn F

where Q; € {3,V}, n >0, and F is quantifier-free.
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Prenex form

Theorem
Every formula is equivalent to a rectified formula in prenex form
(a formula in RPF).

Proof First construct an equivalent rectified formula.
Then pull the quantifiers to the front using the following
equivalences from left to right as long as possible:

-VxF = 3dx-F

-dxF = Vx-F
RxFAG = Qx(FAG)
FARxG = Qx(FAG)
RxFVG = Q@x(FVG)
FVExG = Qx(FVG)

For the last four rules note that the formula is rectified!
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Skolem form

The Skolem form of a formula F in RPF is the result of applying
the following algorithm to F:

while F contains an existential quantifier do

Let F =VyVys... Vy,3z G

(the block of universal quantifiers may be empty)
Let f be a fresh function symbol of arity n

that does not occur in F.

F :=V»Vys ... Yy, G[f(y1,¥2,---,¥n)/Z]

i.e. remove the outermost existential quantifier in F and
replace every occurrence of z in G by f(y1,¥2,...,Yn)

Example
IxVy IzVu3Iv P(x,y,z,u,v) =
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Exercise

Which formulas are rectified, in prenex, or Skolem form?

vx (T (x) v €(x) v D(x))

Ix3y (C(y) vV B(x,y))

—3dx C(x) <> Vx =C(x)

Vx (C(x) = 5(x)) = Vy (=C(y) = =5(¥))
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Skolem form

Theorem
A formula in RPF and its Skolem form are equisatisfiable.

Proof Show: Every iteration produces an equisatisfiable formula.
Let (for simplicity) F =Vy 3z G and F' =Vy G[f(y)/z].

1. F/ EF, that is, every model of F’ is a model of F.
Assume A is suitable for F' and A(F’) = 1.

= for all u e Ua, Alu/y](G[f(y)/z]) =1

= for all u € Uy, Alu/y][fM(u)/z](G) =1

= for all u € Uy thereis a v € Uy s.t. Alu/y]lv/z](G) =1
= forallue Uy, A(3zG) =1

= A(Vy3dzG) =1
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Skolem form

Theorem
A formula in RPF and its Skolem form are equisatisfiable.

Proof Show: Every iteration produces an equisatisfiable formula.
Let (for simplicity) F =Vy 3z G and F' =Vy G[f(y)/z].

2. If F has a model, so does F’

Assume A is suitable for F and A(F) =

W.l.o.g. A does not define f (because f is new).

= for all u € Uy thereis v € Uy s.t. Alu/y][v/z](G) = ()

Let A’ be A extended with a definition of f: fA'(u) := v, where v

is chosen as in (x).

= A'(F') = 1 because for all u € Uy:

A'lu/YN(GIf(v)/2]) = ATu/VIF 1 () /2)(6) (subs. lemma)
= A'[u/yl[f* (u)/2](G) (def. of A')
= Alu/y]lv/z](G) =1 (def. of A" and (*))
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Summary: conversion to Skolem form

Input: a formula F

Output: a rectified, closed formula in Skolem form Vy; ...Vy, G,
where G is quantifier-free, that is equisatisfiable with F.

1. Rectify F by systematic renaming of bound variables.
The result is a formula F; equivalent to F.

2. Let y1,¥,...,¥n be the variables occurring free in F.
Produce the formula F, = Jy;dy, ... dy, F1.
F5 is equisatisfiable with Fq, rectified and closed.

3. Produce a formula F3 in RPF equivalent to F.

4. Eliminate the existential quantifiers in F3
by transforming F3 into its Skolem form Fj4.
The formula Fy is equisatisfiable with F3.
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Exercise

Convert into Skolem form F = Vx P(y, f(x,y)) V =¥y Q(g(x),y)
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First-Order Logic
Herbrand Theory



Herbrand universe

The Herbrand universe T(F) of a closed formula F in Skolem form
is the set of all terms that can be constructed using the function
symbols in F (including the constants!).

In the special case that F contains no constants, we first pick an
arbitrary constant, say a, and then construct the terms.

Formally, T(F) is inductively defined as follows:

» All constants occurring in F belong to T(F); if no constant
occurs in F, then a € T(F) for an arbitrary constant a.

» For every n-ary function symbol f occurring in F,
if t1,t2,...,tn € T(F) then f(t1,t2,...,tn) € T(F).
Note: All terms in T(F) are variable-free by construction!

Example

T(VxVy P(f(x),&(c,y))) = {c, f(c) &(c, ¢), f(g(c, €)), - .}
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Herbrand structure

Let F be a closed formula in Skolem form. A structure A suitable
for F is a Herbrand structure for F if it satisfies the following
conditions:
> UA = T(F), and
» for every n-ary function symbol f occurring in F
and every t1,...,t, € T(F): fA(ty,... ty) = f(tr,..., to).

Fact
If A is a Herbrand structure, then A(t) = t for all t € U4,

A Herbrand model of F is a Herbrand structure suitable for F that
is model of F.
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Matrix of a formula

Definition
The matrix of a formula F is the result of removing all quantifiers
(all ¥x and 3x) from F. The matrix is denoted by F*.
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Fundamental theorem of predicate logic

Theorem
A closed formula in Skolem form is satisfiable iff it has a Herbrand
model.

Proof («<): If a formula has a model then it is satisfiable.

(=): Let A be a model of a closed formula F in Skolem form. We
define a Herbrand structure 7 suitable for F:

Universe: Ur = T(F)
Function symbols: 7 (ty,... ty) = f(t1,..., t,)

(If F contains no constant, then
a” = u for some arbitrary u € UA)

Predicate symbols: (..., t,) € PT iff (A(t1),...,A(ts)) € PA

Claim: 7T is also a model of F.



Claim: T is also a model of F.

We prove a stronger assertion:

For every closed formula G in Skolem form that contains
the same function and predicate symbols as F, if A = G
then T = G

Proof By induction on the number n of universal quantifiers of G.

Basis: n=0. Then G has no quantifiers at all.
Hence, G is a boolean combination of atomic formulas without

variables.
So A(G) = T(G) (why?), and we are done.
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Step: n> 0. Let G =VxH.

4ol

A

AEG

for every u € UA: Alu/x](H) =

for every u € UA st. u= ()for
some t € T(F): Alu/x](H) =1
for every t € T(F): A[A(t)/x](H) =

(
for every t € T(F): A(H[t/x]) =1 (Subst. Lemma)
for every t € T(F): T(H[t/x]) =1 (IH)
for every t € T(F): T[T(t)/x](H) =1 (Subst. Lemma)
for every t € T(F): T[t/x](H) =1 (T is Herbrand struct.)
T(vx H) = (UT =T(F))

TEG
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Example
Let F be given by

F =VYx(x>0—3x(x>yAy>0)).
The Skolem form of F is
G=Vx(x>0—(x>f(x)Af(x)>0)).

The following structure A is a model of G:

U* = R

04 =0
p>Aq<:)p>q for every p,g € R
fA(p) = p/2 for every p € R

Which is the Herbrand structure T given by the proof of the
fundamental theorem?
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Example

The Herbrand structure 7T is given by:

u” = T(6) = {0,£(0),£(f(0)),...} = {f*(0) | k > 0}
fFT(F4(0)) = f(£*(0)) = F**1(0)

F4(0) >7 £(0) = (F4(0))* > (F(0))"
& (FY04) >4 (F) (0
& (FY 0) > (F4%(0)

& 0/2k > 0/2°

& false
The theorem guarantees that 7 is also a model of G. This is

indeed the case because in T the premise x > 0 of the implication
is always false.
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We have just shown:

Theorem
Let F be a closed formula in Skolem form.
Then F is satisfiable iff it has a Herbrand model.

What goes wrong if F is not closed or not in Skolem form?
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Herbrand expansion

Let F =Vy;...Vy, F* be a closed formula in Skolem form.
The Herbrand expansion of F is the set of formulas

E(F)=A{F"[ti/y1]---[tn/yn] | t1,.- ., tn € T(F)}

Informally: the formulas of E(F) are the result of substituting
terms from T(F) for the variables of F* in every possible way.

Example
Some elements of E( VxVy P(f(x),g(c,y)) ):

P(f(c).g(c.c))  P(f?(c),g(c.c)) P(f(c).glc,f(c)))
P(f%(c).g(c. ) P(f(g(f(c).f(c))), &(c.f(g(c, f(c)))

Note: The Herbrand expansion can be viewed as a set of

propositional formulas over the set of variable-free atomic formulas.
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Godel-Herbrand-Skolem Theorem

Theorem
A closed formula F in Skolem form is satisfiable iff its Herbrand
expansion E(F) is satisfiable (in the sense of propositional logic).

Proof. By the fundamental theorem, it suffices to show that F has
a Herbrand model iff E(F) is satisfiable.

Let F =Vy;...Vy, F*.

A is a Herbrand model of F
iff forall t1,...,t, € T(F), Alti/y1] ... [ta/yn](F*) =1
iff forall t1,...,t, € T(F), A(F*[ta/y1]...[ta/yn]) =1
iff forall G € E(F), A(G) =1
iff A is a model of E(F)
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Example
Let F = x (P(x) V Q(f(x)).
Herbrand universe:
T(F) ={f*(a)| k = 0} = {a,(a), f(f(a),---}
Herbrand expansion:

E(F) = {P(f“(a)) v Q(f“"*(a)) | k > 0}

= {P(a) v Q(f(a)), P(f(a)) v Q(f*(a)), P(f*(a)) v Q(F*(a)), -

A is a Herbrand model of F
iff for all k >0, A[fk(a)/x](P(x) V Q(f(x)))
iff for all k>0, A(P(x) V Q(f(x))[f*(a)/x])
iff for all k >0, A(P(f*(a)) v Q(fk*1(a)) =
iff Ais a model of E(F)

'_‘II ||
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Herbrand’s Theorem

Theorem
A closed formula F in Skolem form is unsatisfiable iff some finite
subset of E(F) is unsatisfiable.

Proof. Follows immediately from the Godel-Herbrand-Skolem
Theorem and the Compactness Theorem.
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Example

We show that

F = 3xVYy P(x,y) — Yy 3x P(x, y)
is valid, or, equivalently, that
-F =3xVy P(x,y) A JyVx—=P(x,y)

is unsatisfiable.

Rectified form:
Prenex form:
Skolem form:

Herbrand universe:

Herbrand expansion:

IxVy P(x, y) A 3z¥v ~P(v, 2)

Ix Iz Wy Vv (P(x, y) A —~P(v, 2))

Yy v (P(a,y) A =P(v, b))

{a, b}

{ P(a,a) A ~P(a,b), P(a,a) A ~P(b,b)
P(a, b) A —P(a,b) , P(a,b) A=P(b,b) }
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Gilmore's Algorithm

Let F be a closed formula in Skolem form
and let Fi, Fp, F3,... be a computable enumeration of E(F).

Input: F

n:=0;

repeat n:=n+1;

until (F1 A Fa A ... A Fp) is unsatisfiable;
return “unsatisfiable”

The algorithm terminates iff F is unsatisfiable.
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Semi-decidability Theorems

Theorem

(a) The unsatisfiability problem of predicate logic is (only)
semi-decidable.

(b) The validity problem of predicate logic is (only)
semi-decidable.

Proof. (a) Gilmore's algorithm is a semi-decision procedure.

(The problem is undecidable. Proof later)
(b) F valid iff =F unsatisfiable.
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Lowenheim-Skolem Theorem

Theorem
Every satisfiable formula of first-order predicate logic
has a model with a countable universe.

Proof Let Fy be a formula with free variables xq,...,x, for n > 0.
Define F := dx; ...3dx, Fg and observe that Fy has a model with
universe U iff F has a model with universe U.

Let G be closed formula in Skolem form equisatisfiable with F as
produced by the Normal Form transformations starting with F.
Fact: Every model of G is a model of F.

Fo satisfiable F satisfiable

G satisfiable

G has a Herbrand model

F has a model with universe T(G)

Fo has a model with universe T(G)

Fo has a model with countable universe
(T(G) is countable)

L A
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Lowenheim-Skolem Theorem

Formulas of first-order logic cannot enforce uncountable models
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First-Order Logic
Resolution



Resolution for first-order logic

Gilmore's algorithm is correct and complete,
but useless in practice.

We upgrade resolution to make it work for predicate logic.
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Recall: resolution in propositional logic

Resolution step:

{L1,..., L, A oL —AY

\ /

{Ly,..., Ly, LY,
Resolution graph:

{-A B} {-B}

\/
\D

A set of clauses is unsatisfiable iff the empty clause can be derived.
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Adapting Gilmore's Algorithm

Gilmore's Algorithm:

Let F be a closed formula in Skolem form
and let Fq, Fp, F3,... be an enumeration of E(F).

n:=0;
repeat n:=n+1
until (F1 A F A... A Fp) is unsatisfiable;
— this can be checked with any calculus for propositional logic
return “unsatisfiable”

“any calculus” ~- use resolution for the unsatisfiability test
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Terminology

Literal /clause/CNF is defined as for propositional logic
but with the atomic formulas of predicate logic.

A ground term /formula/etc is a term/formula/etc
that does not contain any variables.

An instance of a term/formula/etc

is the result of applying a substitution to a term/formula/etc.

A ground instance
is an instance that does not contain any variables.
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Clause Herbrand expansion

Let F =Vy; ...Vy, F* be a closed formula in Skolem form with
F*in CNF, and let Cy,..., C,, be the clauses of F*.

The clause Herbrand expansion of F is the set of ground clauses

CE(F) = J{Glts/w]. . [ta/yal | 1., tn € T(F)}
i=1

Lemma
CE(F) is unsatisfiable iff E(F) is unsatisfiable.

Proof. Informally speaking, “CE(F) = E(F)".
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Ground resolution algorithm

Let F be a closed formula in Skolem form with F* in CNF.
Let Ci, Gy, Gs, ... be an enumeration of CE(F).

n:=0;

S =0

repeat
n:=n+1;
S:=SU{GC.};

until S Fres O

return “unsatisfiable”
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Ground resolution algorithm

Note: For example, CE(F) can be enumerated according to the
size of the substitutions.

Let F=Vy; ...Vy, F* and let Cq, ..., Cy be the clauses of F*.
For every s > 0, define

ti,...,th € T(F)

Cs = J q Gltr/wl. - [tn/ vl and
= [t 4+t =5

Cs is finite for every s > 0 and CE(F) = Jo2, Cs.

So CE(F) can be enumerated by enumerating Co,C1,Co, - - .

Note: The search for [ can be performed incrementally every time
S is extended, keeping the clauses generated in previous steps.



Ground resolution theorem

The correctness of the ground resolution algorithm can be
rephrased as follows:

Theorem

A formula F =Vy1 ... Yy, F* with F* in CNF is unsatisfiable iff
there is a sequence of ground clauses Cy, ..., C, = O such that
foreveryi=1,....m

» either C; is a ground instance of a clause C € F*,
ie. G = Clti/y1]...[tn/yn] where t1,... t, € T(F),
» or C; is a resolvent of two clauses C;, Cp with a < i and b < i
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Beyond ground resolution: Intuition

Blind enumeration of ground clauses is extremely inefficient
Fr = {{P()}, {=P(f(g(a,5))); Qy)}, {~Q(&(f(2), f(2)))} }.

The algorithm can derive L] from just three ground clauses:

{P(f(g(a,g(f(a), f(a)))))}
{=P(f(g(a,&(f(a), f(a))))), Qle(f(a), f(a)))}
{~Q(g(f(a),f(a)))}

Blind enumeration will generate the third clause early on, but it will
only generate the first two after many (many!) superfluous clauses.
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Beyond ground resolution: Intuition

Better: guided search with “lazy” substitutions
Fr={{P()}, {-P(f(g(a,5))), Ql¥)}, {~Q(&(f(2). f(2)))} }

When resolving the first two clauses, delay the choice of
substitution for x.

Commit only to replacing x by
f(g(a, whatever-y-will-be-later-replaced-by))
For this:
» Allow substitutions with variables: [f(g(a,y))/x].

P Apply substitutions only to two clauses that enable a new
resolution step.

260



Beyond ground resolution: Intuition

F*={{P()}, {=P(f(g(a,y))), Q¥)} . {~Q(g(f(2), F(2)))} }

{P(x)} {=P(f(g(a,¥)), Q)Y  {~Q(e&(f(2),f(2)))}

[f(g(a, )%x] /

{e()}

le(f(2),f(2)/y]
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Substitutions as functions

Substitutions are functions from variables to terms:
[t/x] maps x to t (and all other variables to themselves)
Functions can be composed.

Composition of substitutions is denoted by juxtaposition:
[t1/x][t2/y] first substitutes t; for x and then substitutes t, for y.

Example
(PO yDIF(y)/X1[b/y] = (P(f(y),¥))[b/y] = P(f(b),b)

A composition of substitutions is again a substitution. oj07 is the
substitution that applies o1 first and then o>.

Substitutions are functions. Therefore

o1 =0y iff xo1 = xop for all variables x
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Substitutions as functions

Definition
The domain of a substitution o is dom(c) = {x | xo # x}

Example
dom([a/x][b/y]) = {x,y}

Substitutions are defined to have finite domain, and so every
substitution can be written as a

simultaneous substitution [t1/x1, ..., tn/Xn].
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Unifier and most general unifier

Let L={Ly,...,Lx} be a set of literals.

A substitution o is a unifier of L if
Lic =1L =---=Lko

i.e. if |lLo| =1, where Lo = {Ljo,...,Lxo}.
L is unifiable if it has at least one unifier.

A unifier o of L is a most general unifier (mgu) of L if
for every unifier o’ of L there is a substitution § such that o/ = 0.
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Exercise

Yes | No

Unifiable?

P(x; f(y))
P(x, f(x))

P(f(z), w,g(w))

P(g(a), 2)

P(x g(x),8(x))
P(g(y) f(a))

P(x, f(y))
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Unification algorithm

Input: a set L # () of literals
o =[] (the empty substitution)
while |Lo| > 1 do
Find the first position at which two literals L1, L, € Lo differ

if none of the two characters at that position is a variable

then return “non-unifiable”
else let x be the variable and t the term starting at that position
if x occursin t
then return "non-unifiable”
else 0 := o [t/x]
return o
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Unification algorithm
Example

-P(f(z,g(a,y)), h(z)),

—-P(f(f(u,v),w), h(f(a,b)))
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Correctness of the unification algorithm

Lemma
The unification algorithm terminates.

Proof Every iteration of the while-loop (possibly except the last)
replaces a variable x by a term t not containing x, and so the
number of variables occurring in Lo decreases by one.

Lemma
If L is non-unifiable then the algorithm returns “non-unifiable”.

Proof If L is non-unifiable then the algorithm can never exit the
loop normally.
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Correctness/completeness of the unification algorithm

Lemma
If L is unifiable then the algorithm returns the mgu of L
(and so in particular every unifiable set L has an mgu).

Proof Assume L is unifiable and let n be the number of iterations
of the loop on input L.

Let o9 =[], for 1 < i < n let o; be the value of o after the i-th
iteration of the loop.

We prove for every 0 < i < n:

(a) If 1 <, the i-th iteration does not return “non-unifiable”.

(b) For every unifier o’ of L there is a substitution §; such that
o' =o;0;.

By (a) the algorithm exits the loop normally after n iterations.

By (b) it returns a most general unifier.
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Correctness/completeness of the unification algorithm
Proof of (a) and (b) by induction on i:

Basis (i = 0): For (a) there is nothing to prove.
For (b) take 0 = o”.

Step (i = i+1)

For (a), since |Lo;| > 1 and Lo; unifiable, x and t exist
and x does not occur in t, and so “non-unifiable” is not returned.

For (b): Let o’ be a unifier of L. IH: ¢/ = o;; for some §;.

d; must be of the form [t1/x1, ..., tx/xk, u/x] where x1, ..., xk, x
are distinct. Define d;41 = [t1/x1, ..., tk/xk].
Note: u = xd; = td; = td;+1 (0;0; is unifier (IH), x not in t)
Oiy10i11
= oj[t/x]dis1 (algorithm extends o; with [t/x])
= O'i[tl/X]_,...,tk/Xk,t5,'+1/X]
= 0j [tl/Xl,...,tk/Xk,u/X] (u: tdiy+1 by note)
= 0j0;

— (IH)
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Resolvents for first-order logic

A substitution p is a renaming if for every variable x, xp is a
variable and p is injective on dom(p).
A clause R is a resolvent of two clauses C; and G, iff:

> there is a renaming p such that
no variable occurs in both C; and G, p and
p is injective on the set of variables in (y;

» there are literals Lj,...,.L,e G (m>1)
and Li,...,L, € Gp (n>1) such that

L:{E,...,E,L{l,...,L’n}
is unifiable; and

> R=((CL—{Lis L)) U(Gop— {Lh,oo L) 0
for any mgu o.

Example
G ={P(x), Qx), P(g(y)) } and G ={-P(x), R(f(x),a) }
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Exercise

How many resolvents are there?

G G Resolvents
{P(x), Q(x,y)} {=P(f(x))}
{Q(g(x)), R(F(x))} | {—Q(f(x))}

{P(x), P(f(x))}

{_'P()/)a Q(y,z)}
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Why renaming?

Example
Vx(P(x) A =P(f(x)))
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Resolution for first-order logic

As for propositional logic, F Fres C means that clause C can be
derived from a set of clauses F by a sequence of resolution steps,
i.e. that there is a sequence of clauses Cy,...,C, = C

such that for every C;

» either C; € F,
» or C; is the resolvent of C, and Cp, where a, b < i.

Questions:
Correctness. Does F Fges L1 imply that F is unsatisfiable?

Completeness. Does unsatisfiability of F imply F Fges 17
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Exercise

Derive [ from the following clauses:
1.

No oA wDd

{=P(x), Q(x), R(x, f(x))}
{=P(x), Q(x), S(f(x))}
{T(a)}

{P(a)}

{=R(a,2), T(2)}
{=T(x),~Q(x)}

{=T(), =S}
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Correctness of Resolution for First-Order Logic

Definition
The universal closure of a formula H with free variables xq, ..., x,
is the formula

VH = Vx1\Vxo...Vx, H

Theorem
Let F be a closed formula in Skolem form with matrix F* in CNF.
If F* Fres L then F is unsatisfiable.
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Theorem
Let F be a closed formula in Skolem form with matrix F* in CNF.
If F* FRres L then F is unsatisfiable.

Proof Let Ci,..., C, be the sequence of clauses leading to [.
We prove VF* |= VCp, by induction on m. Trivial if G, € F*.
Let Cp, be a resolvent of C, and Cp (a, b < m). We prove

VC,,VCp = Vi (%)
Thus VF* = VC,, because VF* =V, and VF* |=VCp by IH.
Proof of (x): Assume A(VG,) = A(VC,) = 1. (%)

We prove A(VC,,) = 1 by contradiction. Assume A(VCy,) = 0.
By def. G =((Co—{L1,---})U(Cop—{L1,...}))o

= (Goo = {L}) U (Cppo — {L})
= A'(Cp) = 0 where A" = Afui/xq, ...] for some u; € Ug
= A'(Cyo — {L}) = A'(Cppo — {L}) =0
= A'(L) = A(L) =1 becs. A'(Co0) = A (Cppo) =1 becs. (k)
Contradiction.
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Completeness: The idea

Simulate ground resolution because that is complete

Lift the resolution proof from the ground resolution proof
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Lifting Lemma

Let Ci, G be two clauses and
let C;, C be two ground instances
with (propositional) resolvent R’.

Then there is a resolvent R of Gy, G

such that R is a ground instance of R.

R/

—: Substitution
—: Resolution
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Lifting Lemma: example

{=P(f(x)), Q(x)} {P(f(e())}
J[g(a/x]\ l[a/y]
{=P(f(g(2))), Qg(a) g(a)))}

e

{Q(g(a))}
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Proof of Lifting Lemma.

(1) C{, C} are ground instances of Gy, Co.

(2) R’ is propositional resolvent of C| and Cj.

We prove that R’ is an instance of a resolvent of C; and G,.
Let p be a renaming s.t. C; and Cop have no common variables.
(1) = C}is a ground instance of Cop. = There are 01,07 s.t.
C{ = Gio1 and C) = Gypoz and dom(o1) N dom(o2) = 0.

= ({ = Gio and C) = Cypo where 0 = 01 U 02.

(2) = R =(C] —{L})U(Cy—{L}) where L € C] and L € C}.
= There are {L1,...} € Gy and {L,...} C Gp s.t. o is a unifier
of {Ly,...,L},...} = M.

Let og be an mgu of M. Then o = 0¢d for some 4.

= R:=((G —{L1,...}) U(Gp —{L},...}))oo is resolvent.

R = ((CL — {L1,... ) U(Cop— {L}, ... }))or
= (Go — {L}) U (Gpo — {L})

= (G —{LHu(G—{L})
=R 281



Completeness of Resolution for First-Order Logic

Theorem
Let F be a closed formula in Skolem form with matrix F* in CNF.
If F is unsatisfiable then F* Fpges L.

Proof If F is unsatisfiable, there is a ground resolution proof
Ci,...,C, = 0. We transform this step by step into a resolution
proof Cy,...,C, = O such that C,-’ is a ground instance of C;.

If C/ is a ground instance of some clause C € F*:

Set G;=C

If C/ is a resolvent of C}, C; (a,b < i):

Cl, C/ have been transformed already into C,, Cp s.t. C}, C} are
ground instances of C,, Cp. By the Lifting Lemma there is a

resolvent R of C,, Cp s.t. C! is a ground instance of R.
Set C; = R.
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Resolution Theorem for First-Order Logic

Theorem
Let F be a closed formula in Skolem form with matrix F* in CNF.
Then F is unsatisfiable iff F* pes .
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A resolution algorithm

Input: A closed formula F in Skolem form with matrix S in CNF,

i.e. S is a finite set of clauses

while OJ ¢ S and
there are clauses C,, Cp, € S and resolvent R of C, and C,
such that R ¢ S (modulo renaming)
do S:=SU{R}
The selection of resolvents must be fair, meaning that every
resolvent is eventually added.

Three possible behaviours:
» The algorithm terminates and (0 € S
= F is unsatisfiable
» The algorithm terminates and O ¢ S
= F is satisfiable

» The algorithm does not terminate
(= F is satisfiable)
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Refinements of resolution

Problems of resolution:
» Branching degree of the search space too large
» Too many dead ends

» Combinatorial explosion of the search space

Solution:
Strategies and heuristics: forbid certain resolution steps, which
narrows the search space.

But: Completeness must be preserved!
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First-Order Logic
Equality



Predicate logic with equality

Predicate logic
+
distinguished predicate symbol “=" of arity 2

Semantics: A structure A of predicate logic with equality always
maps the predicate symbol = to the identity relation.

A(=) = {(d,d) | d € Ua}
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Expressivity

Fact
A structure is model of dxVy x=y iff its universe is a singleton.

Theorem

Every satisfiable formula of predicate logic has a countably infinite
model.

Proof Let F be satisfiable. Assume w.l.o.g. F =Vx;...Vx, F*
and the variables occurring in F* are exactly xi,...,x,. (Bring F

in closed Skolem form if needed.) Consider two cases:

n = 0. Exercise.

n>0. Let G =Vxg...Vx, F*[f(x1)/x1], where f does not occur
in F*. G is satisfiable (why?), and if G has a model M with
universe U, then F has a model with universe {fM(u) | u € U}.
By the fundamental theorem, G has a model with universe T(G),
which is countable infinite. So F also has a model with countably
infinite universe.

288



Modeling equality
We assign to every formula F of predicate logic with equality a
formula Ef of predicate logic.

Let Eq be a predicate symbol that does not occur in F.
Er is the conjunction of the following formulas:

Vx Eq(x, x)

VxVy (Eq(x,y) — Eq(y,x))

VxVy vz ((Eq(x,y) A Eq(y, z)) — Eq(x, 2))

For every function symbol f in F of arity n and every 1 < < n:
Vx1...Vxp Yy (Eq(xi, y) —

Eq(f(x1,. . Xiy. o Xn), F(X1y .oy Yyt Xn)))

For every predicate symbol P in F of arity n and every 1 </ < n:

Vx1...Vxn Vy(Eq(xi,y) —
(P(X1y ey Xiye oy Xn) <> P(X1,. .0y ¥y ooty Xn)))

EF expresses that Eq is a congruence (relation) on the symbols of
the formula F.
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Quotient structure

Definition

Let A be a structure and let ~ be an equivalence relation on Uy
that is a congruence for all the predicate and function symbols
defined by /4. The quotient structure A/, is defined as follows:

> Uy, ={[u]l~ | u€ Uy} where [u]l. ={v e Us|u~v}
» For every function symbol f defined by /4:

FA~([dh]es - [dnl) = [FA(d - dn)]
» For every predicate symbol P defined by /4:

PA/~([d]~, - .., [dn]~) = PA(dL,. .., dp)

> For every variable x defined by [4: x*/~ = [XA]N

Lemma

A/ (t) = [A(t)]~ and A/ (F) = A(F)
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Theorem
The formulas F and Ep A F[Eq/=] are equisatisfiable.

Proof

(«<): If EF A F[Eq/=] is satisfiable, then F is satisfiable.
Assume A |= EF A F[Eq/=]. Then Eq* is a congruence.
Define B = A/ 4 (extended with = interpreted as identity).

We prove B(F) = 1.
Claim 1: B |= F[Eq/=]. Follows from the Lemma.
Claim 2: EqgP is the identity.
Eq®([a] g4, [l 1)
= Eq’(a,d) (Def. of quotient structure)

= ([algga = [ gqn) (Def. of equivalence class)

We have:  B(F) 2 B(F[Eq/]) € 1.

(«<=): If F is satisfiable., then EF A F[Eq/=] is satisfiable.

Any model of F yields a model of Ef A F[Eq/=] by interpreting Eq
as equality.



First-Order Logic
Undecidability

[Cutland, Computability, Section 6.5.]
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> Aim:
Show that validity of first-order formulas is undecidable
> Method:

Reduce the halting problem for register machines to validity of
formulas by expressing “program behaviour” as formulas

Logical formulas can talk about computations!
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Register machine programs (RMPs)

A register machine program is a sequence of instructions I, ...
The instructions manipulate registers R; (i = 1,2,...,r) that
contain (unbounded!) natural numbers.

There are 4 types of instructions:

R;:=0
Ri =R +1
Ri == R;
IF R = R; GOTO p
Assumption: all jumps in a programgoto 1,...,t+ 1, and

execution terminates when the PC (the number of the next
instruction to be executed) is t + 1.

The state of P during execution can be described by a tuple of
r + 1 natural numbers

(n,...,np, k)

where n; is the content of R; and k is the value of the PC.

7It-
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Undecidability

Theorem (Undecidability of the halting problem for RMPs)

It is undecidable if a given register machine program terminates
when started in state (0,...,0,1).

We reduce the halting problem for RMPs to the validity problem
for first-order formulas.

Notation:
P(0) | = "RMP P started in state (0,...,0,1) terminates”

Theorem
Given an RMP P we can effectively construct a closed formula pp
such that P(0) | iff = op.
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Proof by construction of pp from P =1,..., ;.

Funct. symb.: z, s. Abbr.: 0 =z, 1 = s(z2), 2 = s(s(2)), ...

Pred. symb.: R (arity: r+1). (Think “reachable”.)

Aim: if R(7T, ... 77, k) then (0,...,0,1) % (n, ..., n, k).

1) For every I; construct closed formula W;:

i =(Ry:=0): V;:=Vxi...x, (R(X1,-+sXnyennsXpy 1) =
R(x1,.- 2z, Xpyi + 1))

(R := Rn + 1): same except s(x,) instead of z

li = (Rn := Rm): same except xp, instead of z

I = (IF Rm = R, GOTO p):

Vi =Vxy ..o x (R(x1, ooy Xy 1) = (Xm = xp = R(x1, ..., %, P)) A
(Xm # xn — R(x1, ..., X, 1+ 1)))

2) Define Vp := W AR(z,...,2,5(z)) AN\W1 A--- AW where
V= VxVy(s(x) =s(y) = x = y) AN Vx(z # s(x)).

W enforces that every model is “similar enough” to N.

3) Define p := Wp — 7 where 7 := 3xy ... x, R(x1, ..., %, s(1)).
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Claim: P(0) | iff = ¢p, thatis, P(0) | iff = Vp — 7.
“=": Assume P(0) |. We show: for every A, if A= Wp then
A= 7. Assume A = Vp.

Lemma
I£(0,...,0,1) & (n1,....n. k) then A |= R(7, ..., 77, k)

Proof by induction on the length of the execution using A = Vp.

Thus A = 7 because P(0) J.

“<": Assume = WVp — 7. We show P(0) {.
We have N' = Wp — 7 for the structure A given by

Uvr =N V=0 Nn)=n+1.
In this structure RV := {s | (0,...,0,1) % s} and so N = Wp.

From N EVp and N = Vp — 7 we get N = 7, which implies
P(0) |.
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First-Order Logic
Compactness

[Harrison, Section 3.16]
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More Herbrand Theory

Recall Godel-Herbrand-Skolem:

Theorem

Let F be a closed formula in Skolem form. Then F is satisfiable iff
its Herbrand expansion E(F) is (propositionally) satisfiable.

T(S): the set of all terms without variables constructed out of
function symbols of S (plus a constant, if S contains none).

E(S): set of all propositional formulas constructed by replacing the
variables in the matrices of the formulas in S with terms from
T(S).

We have:

Theorem (1)

Let S be a set of closed formulas in Skolem form.
Then S is satisfiable iff E(S) is (propositionally) satisfiable.

Proof: Show first that S is satisfiable iff it has a Herbrand model,
and then that it is equivalent to the Herbrand expansion.
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Transforming sets of formulas

Recall the transformation of single formulas into equisatisfiable
Skolem form: close, RPF, skolemize
Theorem (2)

Let S be a countable set of closed formulas. Then we can
transform it into an equisatisfiable set T of closed formulas in
Skolem form. We call this transformation function skolem.

» Can all formulas in S be transformed in parallel?
» Why countable?
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Transforming sets of formulas

Proof:
1. Put all formulas in S into RPF.
Problem in Skolemization step: How do we generate new
function symbols if all of them have been used already in 57

2. Rename all function symbols in S: f,-k — fz’j
The result: equisatisfiable countable set {Fo, F1, ... }.

Unused symbols: all fz’jﬂ

3. Skolemize the F; one by one using the f2’§+1 not used in the
Skolemization of Fg,..., Fi_1

Result is equisatisfiable with initial S.
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Compactness

Theorem
Let S be a countable set of closed formulas.
If every finite subset of S is satisfiable, then S is satisfiable.

Proof every fin. F C S is sat.
= every fin. F C skolem(S) is sat. by Theorem (2)

(fin. F C skolem(S) = F C skolem(Sp) for some fin. Sp C S)
= for every fin. F C skolem(S), E(F) is prop. sat. by Theorem(1)
= every fin. F' C E(skolem(S)) is prop. sat.

(there must exist a fin. F C skolem(S) s.t. F/ C E(F))
= E(skolem(S)) is prop. sat. by prop. compactness
= skolem(S) is sat. by Theorem (1)
= S is sat. by Theorem (2)
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First-Order Logic
The Classical Decision Problem



Validity /satisfiability of arbitrary first-order formulas is undecidable.

What about subclasses of formulas?

Examples
Vx3dy (P(x) — P(y)) Satisfiable? Resolution?

IxVy (P(x) — P(y)) Satisfiable? Resolution?
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The 3*V* class

Definition
The 3F*V* class is the class of closed formulas of the form

dxq ... 3xVyr . Yy, F

where F is a quantifier-free formula that contains no function
symbols of arity > 0.

This is also called the Bernays-Schonfinkel class.

Corollary

(Un)satisfiability is decidable for formulas in the 3*V* class.

Proof The Herbrand universe of 3*V*-formulas is finite.
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What if a formula is not in the 3*V* class?
Try to transform it into the 3*V* class!

Example
Yy Ix(P(x) = Q(y)) = 3xVy (P(x) = Q(y))

Heuristic transformation procedure (may or may not work):
1. Put formula into NNF.
2. Push all quantifiers into the formula as far as possible
(“miniscoping”).
3. Pull out J first and V afterwards.
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Miniscoping

Perform the following transformations bottom-up, as long as

possible:

» (Ix F) = F if x does not occur free in F

» Ix (FVG) = (Ix F) v (Ix G)

» Ix (FAG) = (3x F)AG if x is not free in G

> dx F where F is a conjunction,
x occurs free in every conjunct,
and the DNF of F is of the form F{ V---V F,, n>2:
IxF = Ix(FRV---VF,).

» dual transformations for V of all of the above.

Warning: Complexity!
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Miniscoping

Example

~ N N N~

~— — ~— ~—
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The monadic class

Definition
A formula is monadic if it contains only unary (monadic) predicate
symbols and no function symbol of arity > 0.

Examples
All men are mortal. Socrates is a man. Socrates is mortal.
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The monadic class is decidable

Theorem
For every monadic formula, the heuristic transformation procedure
yields an equisatisfiable 3*V*-formula.

Proof Put into NNF and perform miniscoping.
The result has no nested quantifiers (Exercisel!).

First pull out all 3, then all V, and existentially quantify free
variables.

The result is in the I*V* class.

Corollary

(Un)satisfiability of monadic formulas is decidable.
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The finite model property

Definition
A formula F has the finite model property (for satisfiability) if
F has a model iff F has a finite model.

Theorem
If a class of formulas has the finite model property, satisfiability is
decidable.

Proof. Two semi-decision procedures, one for unsatisfiability and
one for satisfiability. The procedure for satisfiability searches
systematically for a model through all structures with finite
domain.
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The finite model property

Another proof of decidability of satisfiability for monadic formulas:

Theorem

Monadic formulas have the finite model property.

Proof

We show: A satisfiable monadic formula F with k different
monadic predicate symbols Pi, ..., Px has a model of size < 2.

Given a model A of F and u, v € UA/~, define u ~ v iff
PA(u) = PA(v) for every 1 < i < k.

~ is a congruence (immediate consequence of the definition of
congruence and the fact that all predicates are monadic).

A.. (the quotient of A w.r.t. ~) is also a model of F.

[Ug/ | < 2% because an equivalence class [u]. is characterized by
the bit-vector (P{(v),..., P{(u)) of length k.



Classification by quantifier prefix of prenex form

There is a complete classification of decidable and undecidable
classes of formulas based on

> the form of the quantifier prefix of the prenex form
» the arity of the predicate and function symbols allowed

» whether “=" is allowed or not.

Egon Borger

Erich Gradel

Yuri Gurevich

The Classical

. Decision
Problem

8
V3l

'y
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A complete classification

Only formulas without function symbols of arity > 0,
no restrictions on predicate symbols.
Satisfiability is decidable:
3*v* (Bernays, Schonfinkel 1928, Ramsey 1930)
3*v3* (Ackermann 1928)
3723 (Godel 1932)
Satisfiability is undecidable:
V33 (Surdnyi 1959)
VY (Kahr, Moore, Wang 1962)
Why complete?

Famous mistake by Godel: 3*v23* with “=" is undecidable
(Goldfarb 1984)
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First-Order Logic
Basic Proof Theory



Gebundene Namen sind Schall und Rauch

We permit ourselves to identify formulas that differ only in the
names of bound variables.

Example

Vx3dy P(x,y) = Yu3dvP(u,v)

Recall: renaming must not capture free variables!

Vx P(x,y) # Yy P(y,y)

In the folllowing: Substitution F[t/x] assumes that bound variables
in F are automatically renamed to avoid capturing free variables.

Example
(Fx P(x,y))[x/y] =3x"P(X,x)
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All proof systems below are extensions
of the corresponding propositional systems
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Sequent Calculus

318



1. I'=A
M= FA

—~F.,T=>A

F.G,T = A

FAGT=A

FT=A GTI=A
FVG,T=A

N=FA GT=A

F—GIT=A

Recall: Sequent Calculus rules

1L

-L

AL

VL

—L

AT = A A

F.T=A

F=—F,A R

= FA T=G,A

r=rnrca R

N=F,GA

r=rvc.a 'R

F.T=G,A R
= F—G,A -
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Rules for quantifiers

We add the following rules:

Flt/x],¥x F,T = A M= Fly/x],A VR
VxF.T = A = VxF,A (+)

F M= A r=F AXF, A
b/x.r=A4 (+) = F[t/x],3xF,

WXF.T=A M= 3xF,A

(*): y not free in the conclusion of the rule

Note: VL and 3R do not delete the principal formula, and so
termination no longer guaranteed.

320



Soundness

Lemma ,
For every quantifier rule % |S| and |S’| are equivalid.

Theorem (Soundness)

If F¢ S then [=1S|.

Proof induction on the size of the proof of ¢ S using the above
lemma and the corresponding propositional lemma (stating

|S| = |S1| A ... A |Sy]| for every rule % ).
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Completeness Proof

Construct counter model
from (possibly infinite!) failed proof search.

Let eg, €1,... be an enumeration of all terms
(over some given set of function symbols and variables)
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Proof search

Construct proof tree incrementally:
1. Pick some unproved leaf [ = A such that some rule is
applicable.
2. Pick some principal formula in ' = A fairly and apply rule.

VR, dL: pick some arbitrary new y.
VL, 3R:

€ if the p.f. has never been instantiated
(on the path to the root)

ei+1 if the previous instantiation of the p.f.
(on the path to the root) used g;

t =

Failed proof search: there is a branch A such that either A ends in
a sequent where no rule is applicable or A is infinite.
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Construction of Herbrand countermodel A from A

Define a structure A by:

U4 = all terms over the function symbols and variables in A.

FA(tL, . ty) = F(t1, ..., th).

PA = {(t1,...,ts) | P(t1,...,t,) €T for some I = A € A}.
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Theorem

ForallT = AcA, foral FETUA : A(F):{

1 if FeTl
0 ifFFeA

In particular, T1 N Ay for any two sequents 1 = A1 and 2 = Asp

of A.

Proof by induction on the structure of F.
Basis: F = P(ty,...,ty).

Assume F € T. Then A(F) =1 by
definition.

Assume F € A. Then F does not belong
to any ' of A; otherwise A would end
with an application of Ax. So A(F) = 0.

F,T=FA

Ax

where F atomic.
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Step: F is not atomic . Then F is the principal formula of some

sequent ' = A € A (fairness!).

We consider several cases, depending on the form of F and

whether F €T or F € A:

F =-G:

Take any step [ = A of A
M= A

If =G €T then G € A.
By IH A(G) =0 and so A(—=G) = 1.
If -G € A then G €T
By IH A(G) =1 and so A(—=G) = 0.

F =GN Go:
Take any L= 8 of A,
M=A

If GGAGy el then Gy el and Gy eT.
By IH A(G1) = A(Gp) =1, and so
.A(Gl VAN G2) =1

M= G,A

G =a "

G, I=A
M= -G,A

-

Gl,Gz,r = A

GrGr=a 't

[=GL,A T=Gy,A

M= G NG, A
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Completeness

Corollary

If proof search with root I = A fails, then there is a structure A
such that A(AT — \/ A) =0.

Example
dx P(x) = Vx P(x)

Corollary (Completeness)
If = | = Al thent¢ T = A
Proof by contradiction. If not F¢ ' = A then proof search fails.

Then there is an A such that A(AT — \/ A) =0.
Therefore not = [ — A|.
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Natural Deduction
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Recall: Natural Deduction rules

F G FAG FAG
FrGg A L
[F]
CREN F=-G6 F  ,
F—G G
[F] [G]
F G FVG H H
Fve ‘b Fye Vb H VE
[F] [-F]
1 F F i
F =) T -E F 1
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Rules for quantifiers

Fly/x] () VXF e

Vx F Flt/x]

[F [y:/X]]
Flt/A] WFH
IxF g )

(%): (y =xory¢fv(F)) and
y not free in an open assumption in the proof of F[y/x]

(#%): (y =xory ¢ fv(F)) and
y not free in H or in an open assumption in the proof of the

second premise, except for Fly/x]
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Example of a proof

Vx(3y P(y) = Q(x)) Fn ¥x3y (P(y) = Q(x)):

(PP . ¥x(EyPly) = Qx))

wPY) PG s [
Q(z) —E:4
—P(z) Q@) —1:3

3 (PU) = Q2) 2

Vx3dy (P(y) = Q(x))

Vi1
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Soundness

Theorem (Soundness)
IfT =y F thenT = F

Proof by induction of the depth of the proof tree for [ -y F, with
additional cases. We only consider one:

Case: rule applied to the root is
[Fly/x]

W EIE(**)

(*x) y not free in H or in an open assumption in the proof of the second
premise, except for Fly/x]|.

To show: I = H, i.e., for every A, if A =T then A= H.
IH: T = 3xF and Fly/x],I = H.
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Soundness

To show: I = H, i.e., for every A, if A =T then A= H
IH: T |=3xF and Fly/x],T E H
Pick A arbitrary.

AET
= AE3IxF (I = 3xF by IH)
= Alu/x] = F for some u € U4 (semantics)
= Alu/y] = Fly/x] (y =xory¢ fv(F))
and Alu/y]l =T (v not free in T)
= Alu/yl|EH (transit. of =)
= AEH (y not free in H)



Completeness

Theorem (ND can simulate SC)
Ifbg T = Athenl,-AFyN L (Where —|{F1,...} = {—|F1,...}).
Proof by induction on (the depth of) F¢ ' = A. (Omitted.)

Corollary (Completeness of ND)
IfT = F thenT by F.
Proof as before: apply the completeness of . (Omitted.)
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Hilbert System
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Recall: Hilbert System
Axioms:

F—G—F
(F-G—-H)—»>(F—-G)—F—H
F—-G—=FAG

FANG—F

FANG—= G

F—FVvG

G—FVG
FVG—(F—-H)—(G—H)—H
(~F—1)—F

Inference rule: modus ponens

F>G F

G —E

A~ N N N N N~~~
> > > > > > > > >
© 00 N O O b W N -
—
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New axioms and inference rule

Additional axioms:

Vx F — F[t/x]

Flt/x] — 3xF

Vx(G = F) = (G = Vy Fly/x])

Vx(F — G) — (3y Fly/x] — G)
(*) where x ¢ fv(G) and (y = x or y ¢ fv(F))

Additional inference rule:

F
W )

(*) provided x not free in the assumptions
and (y = x or y ¢ fv(F)).

(%)
(*)
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Equivalence of Hilbert and ND

As before, with additional cases.
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First-order Predicate Logic
Theories
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Preliminary Definitions

Definition
A signature X is a set of predicate and function symbols.

A X2 -formula is a formula that contains only predicate and function
symbols from ¥.

A Y -structure is a structure that interprets all predicate and
function symbols from X.

Definition

A Y -sentence is a closed X-formula.

Convention: we assume that a signature ¥ has been fixed, and
drop X in X-formula, X-structure, or X-sentence. That is, we

silently assume that all formulas, structures, and sentences are over
the same fixed signature X.
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Theories

Definition
A theory is a (finite or infinite) set of sentences S closed under
consequence: If S = F and F is a sentence, then F € S.

Fact
The set A of all sentences is a theory: If S |= F for a sentence F,
then in particular F is a sentence and so F € §S.

The set V of all valid sentences is a theory: If V |= F for a
sentence F, then F is valid and so F € V.

V C S hods for every theory S: If F is a valid sentence, then |= F.
It follows S |= F and, since S is a theory, F € S.

There are two ways to define interesting theories:
» As the set of sentences satisfied by a fixed structure.

> As the set of consequences of a fixed set of sentences.
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Theories from structures

Definition
Given a structure A, let Th(.A) denote the set of all sentences true
in A. Thatis, Th(A) := {F | F is a sentence and A = F}.

Lemma
For every structure A and sentence F: A |= F iff Th(A) = F.

Proof.

=" AEF = F e Th(A) = Th(A) = F.

“«<": Assume Th(A) = F. We prove A = Th(A), which,
together with A |= F, implies A |= F. To prove A = Th(A), let
G € Th(A). We have A |= G by definition of Th(A).

Corollary

Th(A) is a theory.

Proof. Assume Th(A) = F. By the lemma above, A = F. From
the definition of Th(A) we get F € Th(A).
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Example

Notation: (Z,+, <) denotes the structure with universe Z and the
standard interpretations for the symbols + and <.

The same notation is used for other standard structures where the
interpretation of a symbol is clear from the symbol.

Example (Linear integer arithmetic)

Th(Z,+, <) is the set of all sentences over the signature {4, <}
that are true in the structure (Z, +, <).
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Famous numerical theories

Th(R, +, <,=) is called linear real arithmetic.

It is decidable.

Th(R, +, %, <,=) is called real arithmetic.
It is decidable.

Th(Z,+,<,=) is called linear integer arithmetic or Presburger
arithmetic.

It is decidable.

Th(Z,+,*,<,=) is called integer arithmetic.

It is not even semidecidable (= r.e.).

Decidability via special algorithms.
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Theories from axioms

Definition
Let S be a set of sentences. Cn(S) denotes the set of
consequences of S: Cn(S) = {F | F is a sentence and S = F}

Examples
Cn(0) is the set of valid sentences.

Cn({VxVyVz (x xy) x z=xx (y x z)}) is the set of sentences
that are true in all semigroups.

Lemma

For every set S of sentences, the set Cn(S) is a theory.
Proof. We show: if F is a sentence and Cn(S) = F then
F € Cn(S).

By the def. of Cn(S) we have S |= Cn(S). By assumption

Cn(S) E F, and so S = F by transitivity of =. From the
definition of Cn(S) we get F € Cn(S).
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Axioms

Definition

Let S be a set of sentences.

A theory T is axiomatized by S if T = Cn(S).

A theory T is axiomatizable if there is some decidable or
recursively enumerable S that axiomatizes T.

A theory T is finitely axiomatizable if there is some finite S that
axiomatizes T.
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Completeness and elementary equivalence

Definition
A theory T is complete if for every sentence F, T = F or T |= —F.

Fact

Th(A) is complete for every structure A.

Cn({VxVyVz (x x y)xz = x* (y x 2)}) is incomplete: neither
VxVy x %y = y % x nor its negation belong to it.

Definition
Two structures A and B are elementarily equivalent if

Th(A) = Th(B).

Theorem
A theory T is complete iff all its models are elementarily
equivalent.
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Theorem
A theory T is complete iff all its models are elementarily
equivalent.

Proof. We prove that T is incomplete iff two of its models are not
elementarily equivalent.

“=:" Assume T is incomplete. Then T [ —F and T [ F for
some F. So A(—=F) =0 (thus A(F) = 1) for some model A of T,
and B(F) = 0 for some model B of T.

It follows F € Th(A) \ Th(B), and so Th(A) # Th(B).
“«<:" Assume two models A and B of T are not elementarily

equivalent. W.l.o.g. Th(A)\ Th(B) # () and so A(F) =1 and
B(F) = 0 for some F.

We prove T £ F and T [~ —F. If T |=F, then, since B|= T we
have B |= F, contradicting B(F) = 0. If T |= —F then, since
A= T, we have A = —F, contradicting A(F) = 1.
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Quantifier Elimination
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Helpful lemmas

Recall that VF := Vxy ...Vx, F where x1, ..., x, are the free
variables of F.

Lemma
Let S be a set of sentences. S |=F iff S| =VF

Proof. Exercise.

Lemma
Let S be a set of sentences. If S |=F <> G then
SkEH <« H[G/F].

Proof. By structural induction on H. Exercise.
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Quantifier elimination

Definition
Let T be a set of formulas. We say that F and F’ are
T-equivalent if T = F < F'

Definition

A theory T admits quantifier elimination if for every formula F
there is a quantifier-free T-equivalent formula G such that
fv(G) C fv(F). We call G a quantifier-free T-equivalent of F.

Examples

Find quantifier-free equivalent formulas in linear real arithmetic for:

IxJy 3xx+5*xy=7) < ?
Jy (x<yAy<z) < 7
Vy(x<yAy<z) < 7
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Quantifier elimination

A quantifier-elimination procedure (QEP) for a theory T and a set
of formulas F is an algorithm that computes for every formula of
F a quantifier-free T-equivalent.

Lemma
Let T be a theory such that

» T has a QEP for all formulas and

» T GorTE G for all ground formulas G (quantifier-free
formula without occurrences of variables), and it is decidable
which is the case.

Then T is decidable and complete.
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Quantifier elimination

Proof. Decidability.

This algorithm decides whether T |= F for given F (sentence or
not):

Compute a quantifier-free T-equivalent G of VF.
Decide whether T = G or T = —G.
If T = G then answer T |= F, otherwise T [~ F.

Correctness of the algorithm:
TEF iff TEVF iff TEG
where we have made use of the lemmas.

Completeness. Exercise.
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Simplifying quantifier elimination: one 3

Fact
If T has a QEP for all formulas of the form Ax F, where F is

quantifier-free,
then T has a QEP for all formulas.

Essence: It is sufficient to be able to eliminate a single 3

Construction:
Given: a QEP gel for formulas of the form Ix F where F is
quantifier-free

Define: a QEP for all formulas
Method: Eliminate quantifiers bottom-up by gel, use V = -3-
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Simplifying quantifier elimination: 3x /\ literals

Fact

If T has a QEP for all 3x F where F is a conjunction of literals,
all of which contain x,

then T has a QEP for all 3x F where F is quantifier-free.

Construction:

Given: a QEP gelc for formulas of the form Ix (Ly A--- A Ly)
where each L; is a literal that contains x

Define: gel(3x F) where F is quantifier-free
Method: Put F in DNF. Distribute 3 over V. Apply gelc.

This is the end of the generic part of quantifier elimination.
The rest is theory specific.
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Simplifying quantifier elimination: Eliminating “—"

(Motivation: —x <y <> y <xVy =x for linear orderings)

Fact

Assume that there is a computable function aneg that maps every
negated atom to a quantifier-free and negation-free T-equivalent
formula.

If T has a QEP for all 3x F where F is a conjunction of atoms,
all of which contain x,
then T has a QEP for all 3x F where F is quantifier-free.

Construction:

Given: a QEP gelca for formulas of the form 3x (A1 A--- A Ap)
where each atom A; contains x

Define: gel(3x F) where F quantifier-free
Method: Put F into NNF. Apply aneg. Put F in DNF. Distribute
J over V. Apply gelca.
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Quantifier Elimination
Dense Linear Orders
Without Endpoints



Dense Linear Orders Without Endpoints

Definition
Let ¥ = {<,=}. The theory of dense linear order without
endpoints (DLO) is the set of X-sentences that are consequences
of the following set of axioms:

VxVyVz (x <y ANy <z — x < 2)

Vx —(x < x)

VxVy (x <yVx=yVy<x)

VxVz(x<z—=3y (x<yAy<z)

Vxdy x <y

Vxdy y < x

Models of DLO?

Theorem

All countable models of DLO are isomorphic.
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Elimination of “—"

Fact
DLO has a computable function aneg that maps every negated

atom to a quantifier-free and negation-free DLO-equivalent
formula.

DIOE —(x=y) < x<y V y<x
DLOE —(x<y) ¢+ x=y V y<x

aneg(-(x=y)) = x<y V y<x
aneg(-(x<y)) = x=y Vy<x



Quantifier elimination for conjunctions of atoms

We define a QEP for formulas of the form 3x (A1 A --- A Ap),
where x occurs in every A;.

gelca(3x (A1 A--- N Ap):
» If some A; is of the form x = y (x and y different), apply:
Idx (x=tAF) = F[t/x] (x does not occur in t)
and return F[y/x].
» Drop all A; of the form y = y. If no A; left return T.
» If some A; is of the form y < y, return L.

» Separate the A; into lower and upper bounds for x.
If no lower and/or no upper bounds, return T. Otherwise use

DLO = 3x /m\/,-<x/\/n\x<uj > /m\/n\/,-<uj
i=1 j=1 i=1j=1

and return AT AT i < u;.

360



Quantifier elimination for conjunctions of atoms

Example

Ix(x<zAy<xAx<w) =poL y<zAy<w

VxVy (x <y) =Zpor Vx—Iy-(x<y)
=por Vx—dy(y <xVx=y)
=por. Vx—=(Jyy <xVIyx=y)
DOL VX—\(T\/X :X)
por Vx.L
=por L

IxFyJz(x<yAy<zAz<x) =por IxIy(x<yAy<x)
pol Ixx < x

=poL. L
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Complexity

Quadratic blow-up with each elimination step
Therefore, eliminating all 3 from
Ixqy...3xm, F

where F has length n needs O(n?") time and space, assuming F is
DNF.

More efficient algorithms exist.
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Consequences

» DL O has quantifier elimination.
» DLO is decidable and complete.

» All models of DLO (for example (Q, <) and (R, <)) are
elementarily equivalent:

We cannot distinguish models of DLO by first-order formulas.
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Quantifier Elimination
Linear real arithmetic
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Linear real arithmetic

Definition
Let R+ = (R,0,1,+, <,=). Linear real arithmetic is the theory
R+ — Th(R+)
We allow the following additional function symbols:
For every c € Q:
P> c is a constant symbol

» c-, multiplication with c, is a unary function symbol

Example
Vx3Jy (21x —y <4.6 AVz (7.3 <2z+4.7y V 3.25z > 2x))
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Linear real arithmetic

Fact
Every formula with these additional function symbols can be
effectively transformed into an ‘R4-equivalent formula of Ry.

For example:

21(x—y) <46

is R4-equivalent to

(x4 4+x) <14 +1l4y+-+y

21 times 46 times 21 times

366



Linear real arithmetic

Definition

Aterm tisin normal formif t=c x4+ ...+ ¢ch-xp+C

where ¢; # 0 and x; # x; for every 1 < # j < n.

An atom A is in normal form (NF) if A= 0 t for some term t in
normal form, where e {<,=}.

An atom is solved for x if it is of the form x < t, x =t or t < X,
where x does not occur in t.

Fact
Every atom is R-equivalent to an atom in normal form.

Any atom in normal form that contains x can be effectively
transformed into a ‘R -equivalent atom solved for x.

We let sol,(A) denote the result of solving an atom A for x.
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Elimination of “—"

Fact

R has a computable function aneg that maps every negated atom
to a quantifier-free and negation-free R -equivalent formula.

RiE —(t=t) < t<t vi<t
RiE —(t<t) < t=t' vi<t

aneg(—(t=1t")) = t<t vi<t
aneg(—(t<t)) = t=t vit<t
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Fourier-Motzkin Elimination

We define a QEP for formulas of the form 3x (A1 A --- A Ap),
where all A; are atoms in NF and x occurs in every A;.

gelca(3x (A1 A--- N Ap):
» Let S = {sol(A1),...,s0l(An)}

> If (x =t) € S for some t, apply:
Ix (x=tAF) = F[t/x] (x does not occur in t)
and return Fly/x].

» Separate the A; into lower and upper bounds for x.
If no lower and/or no upper bounds, return T. Otherwise

return /\ /\ I <u

(I<x)eS (x<u)eS

All returned formulas are implicitly put into NF.
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Fourier-Motzkin Elimination

Examples

dx3Jy 3x+5y <7A2x—3y <2)
dxdy (2/3x —2/3<y N y <7/5—3/5x)
x (2/3x —2/3 < 7/5 — 3/5x)

dx (x < 31/19)

T

IxVy 3y < xVx<2y)
=g, Ix—-Jy 23y <xVx<2y)
=g, Ix—~Jy 7(x <3y A2y < x)
=g, Ix-Jy (Y3x <y Ay <1/2x))
=r, Ix ~(Y3x < 1/2x)
=g, Ix (I/3x > 1/2x)
=g, Ix(x<0)
=R, T
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Can DNF (recall miniscoping) be avoided?
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Ferrante and Rackoff’'s theorem

Theorem
Let F be quantifier-free and negation-free (not necessarily in
DNF!) and assume all atoms that contain x are solved for x. Let

L {I'| (I <x) € 5}

U = {ul(x<uyesy £ = HtIx=0e5]

where Sy is the set of atoms in F that contain x. Then:

Ryl 3xF « F[-oo/x] V Floo/x] v \/ Flt/x] v
teE

\/ '\ FIO5(/+ u)/x]

leL ucU

where F[—oo/x] (F[oo/x]) is the result of applying this
transformation to all solved atoms in F:

x<t T(L) t<x = L(T) x=t — L (L)
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Ferrante-Rackoff Procedure

gel(3x F):

1. Put F into NNF, eliminate all negations,
put all atoms into normal form,
solve those atoms for x that contain x.

2. Apply Ferrante and Rackoff’s theorem.

Theorem
Eliminating all quantifiers with Ferrante and Rackoff’s procedure
from a formula of size n takes space O(2°") and time O(22d").
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Quantifier Elimination

Presburger Arithmetic

See [Harrison] or [Enderton] under “Presburger”
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Presburger Arithmetic

Definition
Let Z4 :=(Z,+,0,1,<). Linear integer arithmetic is the theory
Z+ — Th(Z+)
We allow additional function symbols as for linear arithmetic:
For every c € Z:

P ¢ is a constant symbol

» c-, multiplication with ¢, is a unary function symbol

Fact

Linear integer arithmetic does not have quantifier elimination
Proof. Show that no quantifier-free formula is Z-equivalent to
dx x4+ x=y.
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Presburger Arithmetic

Definition

Let P:=(Z,+,0,1,<,2[,3|,...), where k | is a unary predicate
symbol interpreted as “k divides ...".

Presburger Arithmetic is the theory P := Th(P).

Definition

An atom A is in normal form if
A= 0<¢g-xy+...+¢ch"xy,+c or
A = kla-xi+...+ch-xntc

where ¢; € Z\ {0} and k > 1

Where necessary, atoms are put into normal form

Fact
Every atom is P-equivalent to an atom in normal form.
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Elimination of “—"

Fact
P has a computable function aneg that maps every negated atom
to a quantifier-free and negation-free P-equivalent formula.

PE ~(s<t) & t+1<s
Pk —(k|t) & k|t+1Vk|t+2V---Vk|t+(k—1)
aneg(—(s<t) = t+1<s
aneg(—(k|t)) = k|t+1Vk|t+2V---Vk|t+(k—1)
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Quantifier Elimination for P

We define a QEP for formulas of the form 3x (A1 A--- A Ap),
where all A; are atoms in NF and x occurs in every A;.

gelca(dx (A1 A--- A A,)) proceeds in two steps.
Let F=AiA---NA,.
Step 1: Set all coeffs of x in F to 1 or -1:
1. Set all coeffs of x in F to the lcm m of all coeffs of x

2. Set all coeffs of x to 1 or -1 and add A m | x

Step 2: Separate into upper and lower bounds, with some new
reasoning because of the k | t atoms.
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Quantifier Elimination for P: Step 1

The result of Step 1 is
R := coeff1(A1) A --- N\ coeff1(A;) Am | x

where
» mis the (positive) lcm of all coefficients of x in F
(e.g. lem {—6,9} = 18), and
> coeffl(0< X7 jcixi+c) = (0<I,cixi+c') and
coeffl(d | 1 qcixi+¢) = (d' | T cixi+ )
where, assuming x is the k-th variable xx and letting
m' = m/|ck| we set:

o = m-qifi#k ¢, = Iif c>0thenlelse —1
C/ = m/-C d/ == m/'d

Lemma P = (3x F) +» (Ix R)
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Quantifier Elimination for P: Step 2

The result of Step 2 is the quantifier-free formula

m—1 m—1
R':= if L=0 then \/ /\D[i/x] else \/ \/R[H—i/x]

i=0 i=0 leL
where
L ={-t|](0<x+t)eR}
U ={t|(0<—x+1t)eR}
D ={(d|t)eR}
m = (positive) lcm of {d | (d | t) € D for some t}

The correctness of tis step follows from the

Lemma (Periodicity Lemma)

IfFA€D,ie. A= (d|x+t)andx ¢ fv(t), and i = j (mod d)
then P |= Ali/x] < Alj/x].

380



Example

We eliminate the existential quantifier of
IxBx—y+1>0)A(2x—6<z)A(4]5x+1)
We set all coefficients of x to 1. With lcm{3,2,5} = 30 we get:
Ix (30x — 10y + 10 > 0) A (30x — 90 < 152) A (24 | 30x + 6)

We rescale x := 30x adding the atom (30 | x) and split the
inequalities in lower and upper bounds:

Ix (10y —10 < x) A(x <90+ 15z) A (24 | x +6) A (30 | x)
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Example
Periodicity: if (24 | x +6) A (30 | x) holds for some x, then it also
holds for every x + k - lcm{24,30} = x + k - 120 where k € Z.

Therefore: (10y — 10 < x) A (x < 90 4 15z) is satisfied by x iff it
is satisfied by 10y — 10 + / for some 1 </ < 120.

So Ix(10y —10 < x < 90+ 15z) A (24 | x +6) A (30 | x) is

P-equivalent to

120 10y —10 <10y — 104/ <90 + 15z
A
i=1 \ (24 |10y —10+i+6) A (30| 10y — 10+ /)

and so P-equivalent to:

120 (10y + i < 100 + 152)
A
i=1 \ (2410w — 4+ i) A (30| 10w — 10 + /)
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Incompleteness of (Integer) Arithmetic

[Schoning, van Glabbeek]
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[§ Kurt Gédel. Uber formal unentscheidbare Satze der Principia
Mathematica und verwandter Systeme . 1931.

Kurt Godel

1906 — 1978
Brinn Princeton
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Arithmetic and notation
We consider formulas over the signature ¥ = {+, %, <,=}.

Arithmetic is the set of all -sentences that are true in the
interpretation with universe N and where +, %, <, = are interpreted
in the standard way.

(We substitute N for Z for convenience, it is an inessential detail.)

We denote the set of all sentences of arithmetic by W.

F(x1,...,xx) denotes a formula in which at most the variables
X1, ..., Xk occur free.
If ni,...,nk € Nthen F(ni,...,ng) is the result of substituting
N, ..., ng for the free occurrences of xy, ..., xk.
Example

Fx,y) = (x=y A Ix.x=y)

F(5,7) = (5=7 AN Ix.x=17)
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Arithmetically representable functions and relations
Formulas with free variables can represent functions and relations.

The formula
F(x,y)=3z.y=x+z+1)

represents the relation “x < y”

The formula
F(x,y,z)=(3k. x=kxy+zANz<y)

represents the relation “z = x mod y".

Definition
A k-ary relation R C N¥ is arithmetically representable iff there is
a formula F(xy,...,xx) s.t. for all ny,...,ng € N:

(I‘Il,...,nk)ER iff F(nl,...,nk,)eW

We call F a representation of R.
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Representing the transition relation of Turing machines

Given a deterministic Turing machine M with states {0,...,n}
over the tape alphabet {0, 1}, we encode a configuration ¢ of M as
a tuple ¢ = (/,q,r) € N® where

» g encodes the state of M,

» | encodes the left-string: the string to the left of the head,
read as a binary number with an additional leading 1;

» r encodes the right-string: the string including the square
where the head is, and extending to the right, read in reverse
as a binary number with an additional leading 1.

Definition
The transition relation of M is the relation Ty; C N° given by

Tnm = {(c1,¢,) | 2 is the successor configuration of ¢;} .
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Representing the transition relation of Turing machines

Lemma
For every Turing machine M the relation Ty, is arithmetically
representable.

Proof idea: Let ¢; a2, ¢ denote that ¢y is a configuration with
state g where the head reads a and ¢ is the successor of ¢;

For every state g and symbol a of M define
Ty ={la.e)la % o)

and define an arithmetic representation of F,g/‘,”a).

For example, if §(3,0) = (5,1, R) then define

FoO(h, qu, s by g2, 1)
= (Q1=3/\Q2=5/\/2:/1>»<2+1/\r1:r2*2)

The formula Fyy := \/ F,\q/,’a is a representation of Ty
qeEQM,a€L Y
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Representing the reachability relation of Turing machines

Lemma
For every Turing machine M the transitive closure Ty, of Ty is
arithmetically representable.

We only sketch the proof of a weaker result.

Given a formula F(x, y) of arithmetic representing a binary relation
R we can effectively construct a formula F*(x, y) of arithmetic
with exponentiation representing R*.

A full proof of the lemma requires to express exponentiation in
arithmetic and extend the result to formulas F(X, y).

Key idea of the proof: encode a sequence
an,an—1,...,30 € (N\ {0})* of arbitrary length as a pair
(t,p) € N? where

> p>a;forall0</i<nand

» the word a,...a1ap € [p]* is the p-ary representation of t.
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Representing the reachability relation of Turing machines
Represent the relation "y = ag” by the formula
Last(t,p,y) =y <pAIx(t=xxp+y)
Represent “x = a," by
First(t,p,x) =x < pAJzIw (t =x*xp° + w A w < p?)
Represent “v comes after u" by

Next(t,p,u,v) = u<pAv<pA
Jidy3z(t=y*p 2 +uxptt4vxp 42z
/\z<pX/\y+u>0)
Take

F*(x,y) = 3t3p (First(t,p,x) A Last(t,p,y) A
VuVv (Next(t, p,u,v) = F(u,v))
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Arithmetic is not semi-decidable

Theorem
W is not semi-decidable.

Proof. By reduction from the set of all pairs (M, x) where M is a
Turing machine, x is an input for M, and M does not halt on x.
This set is known to not be semi-decidable.

Let M be a Turing machine with states {0,...,n} and let x be an
input for M. Assume n is the only final state.

Let Fps be a representation of the transition relation Tps of M. Let
co be the initial configuration of M on input x.

Define
NHpm x = —313q3r (Fry(co, 1, q,r) A g = n)

Wehave : NHp , € W iff M does not halt on input x.
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Proof systems

What is a proof system? Minimal requirement: It must be
decidable if a given text is a proof of a given formula.

We encode texts as natural numbers.

Definition

Let S be the set of all sentences over the signature of arithmetic.
A proof system for arithmetic is a decidable predicate

Prf:NxS — {0,1}

(Read Prf(p, F) as"'p is a proof of F"".)

A proof system Prf is correct or sound iff Prf(p, F) implies
F € W. ("Everything provable is true.”)

A proof system Prf is complete iff for every F € W there exists a
proof p such that Prf(p, F). (“Everything true is provable.”)
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Godel's Incompleteness Theorem

Theorem (Godel)

There is no correct and complete proof system for arithmetic.

Proof. Assume there exists a correct and complete proof system.
The following procedure semi-decides W':

Input: sentence F

p:=0;

while Prf(p,F)=0do p:=p+1;
output("F € W")

Corollary

For every correct proof system for arithmetic there exists a
sentence F such that neither F nor —F can be proved.
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Hilbert's 10th Problem

Given a diophantine equation: To devise a process accord-
ing to which it can be determined by a finite number of
operations whether the equation is solvable in integers.

Hilbert, ICM, Paris, 1900

Theorem (Matiyasevich, Robinson, Davis, Putnam, 1949-1970)

It is undecidable if a diophantine equation has a solution.
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Higher-Order Logic (HOL)



Types and Terms
Simly typed A-terms

Types:
T = bool]|...
| (tr—71)
| alp...
Terms
t u= cld]|---|f|h]|...
()
] (Ax. t)

We assume that every variable and constant has an attached type.
We consider only well-typed terms:
Hh:T—=17 t:T t:r
titr: T Tt —= 71
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Base logic

Formula = term of type bool
Theorems: T = F

Base constants: =:«a — o — bool
— : bool — bool — bool
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Inference rules

FFF assume

— refl

F(Ax. t) u=ult/x] b

mywarse sl BLES SHO)

MMEs=t Ik F[S/X]
MUl F[t/X]

subst

[Fs=t
M= (Ax.s)=(Mx. t)

abs if x ¢ fv(I)



Inference rules

r-F

M Flm/ag,..

if ag,... do not occurin I

y

inst
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Inference rules

-6
NFIFF—G

MFFG MFF
MMul, -G

— E

MULFF=G =/
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Definitions of standard logical symbols

FT = ((Ax. x) = (Ax. x))

all : (¢ — bool) — bool
Notation: Vx. F abbreviates all(Ax. F)

- all = (AP. P = (Ax. T))

- L =(VF. F)
o= (\F. F— 1)
F(A) = (AF. AG. VH. (F = G = H) = H)

F(V)=(AF.AG.VH. (F = H) = (G — H) = H)
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Definitions of standard logical symbols

ex : (o — bool) — bool
Notation: 3Ix. F abbreviates ex(Ax. F)

Fex=(AP.VG. (Vx. (P x — G) — G))
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The method of postulating what we want has many
advantages; they are the same as the advantages of theft
over honest toil.

Bertrand Russel
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Classical logic

- FVF
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Hilbert's ¢

Informally: € x. F = an arbitrary but fixed x that satisfies F

Examples

(ex.x=5)=5
(en.0<n<2)e{0,1,2}
(ex.L) 777

Formally: eps : (o« — bool) — «

e x. F appreviates eps(Ax. F)
Axiom: P x — P(eps P)
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