Technical University of Munich Prof. J. Esparza
Logic (IN2049), SS2025 V. Fischer

EXERCISE SHEET: RESOLUTION AND DPLL

Exercise 1: DPLL

1. Apply the DPLL algorithm to the following sets of clauses. Use OLR first, then PLR.
Whenever it is possible to choose multiple literals, choose the variable with the smallest
index first, and choose x; before —x;.

a) {{-w1, 24,25}, {w2, 23}, {22, 3}, {21, 74, 25}, {23, 04, 25}, {24, 75}, { -4, ~25}}

b) {{_‘xl,x27$3}, {_‘.'13'2,1'3}, {_‘x?)) Ty, x5}7 {_"/E4a _‘1‘5}a {_‘1'4,]:5}, {x47 _‘x5}7 {1‘17 _"1:2}}

2. Apply the CDCL algorithm using resolution for clause learning to the same formulae.

1.
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0— { {_\1‘1,£E4,135} {I’Q,Ig} {_\1’2,173} {56171’471’5} {_\1’3,1’4, _|.’,E5} {_L’E4,SC5} {_|I4,_‘175} }
1Case x1 { A{xa,25} {x2, 23} {-22, 23} {—x3, x4, x5} {24, 25} {24, 25} }
2 Case 9 { {z4,25} {z3} {23, 24, x5} {24, 25} {24, 25} }
30LR 23 { {x4,25} {z4,~x5} {24, 25} {~24, 25} }
4 Case x4 { {5} {-as}  }
5 OLR z5 { o}

We learn the following new clause:

{—24, 25} Resolve with {—z4, x5}
{—z4} Cannot resolve with {—z2, 3}

and backtrack to step 1:

0— { {—'331,.134,335} {1‘2,1‘3} {"332,.733} {1‘1,3?4,.735} {—'333,.734,_'1‘5} {—\I4,l‘5} {—\I4,—'JJ5} {"334} }
1 OLR T4 { {_\1’1,175} {zg,mg} {"172,503} {Il,l‘g;} {_\1’3,_@35} }
2 Case 1 { {5} {za, x5} {—22, 23} {—zs, x5} }
30LR z5 { {za, 23} {2, 23} {—x3} }
4 OLR T3 { {.’1?2} {ﬁ.’lﬁg} }

We learn the following new clause:

{—x9, x5} Resolve with {zq, 23}
{—x3} Resolve with {—z3, x4, 25}
{z4,~x5}  Resolve with {—-x1, 24,25}
{21, 24} Resolve with {—z4}

{21}

and backtrack to step 2:

1 OLR =y { {~x1, 25} {w2, 23} {22, 23} {1, 25} {~23, ~25} {~21} }

1 OLR -z { {w2, 23} {~x2, 23} {5} {—w3, a5} }

20LR z5 { {z2, 23} {22, 23} {3} }

3 OLR a3 { {22} {22} }

50LR z, { O ¥
0 { {"l‘l,l‘g,x:;} {"J)Q,l‘g} {"JJ3,.T4,.L“5} {—\.T4,_‘l‘5} {_\l‘4,$5} {$4,ﬂ1‘5} {.131,"1)2} }
1 Case zy { {wo,23} {—w2, 23} {23, 74,25} {~24, 225} {-74, 25} {74, 725} }
1 Case x5 { {z3} {23, 24,25} {4, ~w5} {24, 25} {24, ~25} }
1 OLR z3 { {4, 25} {—wa, ~ws} {~wg, 25} {24, 25} }
1 Case x4 { {—zs5} {zs} }
1 OLR x5 { m h

We learn the following new clause:

{—z4, 25} Resolve with {—z4, x5}
{—x4} Cannot resolve with {—zq, z3, "x5}



and backtrack to step 1:

0 { {ﬁﬂ?l,l’g,l’g} {ﬁxz,l‘g} {ﬁ$3,$47$5} {ﬁ$4,ﬁ$5} {ﬁ$4,$5} {.’1?4,ﬁ$(}5} {.’lﬁl,ﬁxg} {ﬁ$4}}
1 OLR —z4 { {21, 22,23} {—22,23} {—x3,25} {—x5} {x1,-z2}

2 OLR —T5 { {—'171,$2,$3} {"éBQ,ZIJg} {—\563} {1‘1, —LZEQ}

2 OLR X3 { {_\121,1172} {_‘1172} {3]1, _L’EQ}

2 OLR X2 { {_L’El}

2 OLR -1 {

Exercise 2: Input resolution

Let C = {C1,...,Cp} be a set of clauses. We say a sequence (B, By,...,By) is an input
resolution of By from C if the following holds:

(i) Bp € C, and
(ii) Byy1 is the resolvent of B, and one clause from C.

1. Show that there is a resolution of [ but no input resolution of [J from
F={{~zz} {~2 -y} {y, 2}, {z w2}, {y, ~x}}.
2. Show that there is an input resolution of [J from
ot ot {23 e, -zt e, {2 )

3. Prove that input resolution is complete for Horn formulae by showing that there is an input
resolution of 0 from any unsatisfiable set of clauses where every clause contains at most
one positive literalﬂ

Hint

Consider a Horn formula as a conjunction of rules AN A — H with A being a set of
propositional variables and H being either a propositional variable or 0, i.e. the procedural
reading of Horn formulae. Try to consider an “inverse” marking algorithm which starts
from 0 and marks propositional variables on the left hand side of implications until a
proof why 0 is implied by any possible assignment which sets the right hand sides of rules
1 — H = A0 — H to true is found. Then, frame the executed steps in terms of input
resolution.

Solution

1. Since for input resolution one of the clauses is part of the input and every clause in the
input contains at least two distinct literals all resolvents contain at least one literal.

INote that input resolution is not complete in general because F' from [1| is unsatisfiable but there is no input
resolution proof of that fact.

e e e



{_'tvﬁy} {—\x,ﬂz,t}
{—z, -z, -y} {—y, 2}
{2, -y} {2, y}
{—a} {z}
O

3. Let F' be an unsatisfiable Horn formula. We view F' as a set of clauses of the form

/\H—>y

where H is a set of variables and y is either a variable or L. Let Mb(F, M) be the result of
running the model building algorithm on F' starting with the initial marking M (Usually
M = (), but we will need to argue about M inductively). By the completeness of the model
building algorithm we obtain a sequence of markings Mgy, M, ..., My and a sequence of
clauses Cy, C1,...Cy with C; = A\ H; — y; such that the following properties hold:

(i) Mo=M

(i) H; € M;

(iv) yo =1L
For any set of variables A, we define A = {ﬁxlx € A}. Now we prove by induction on k
the existance of an input resolution from F' to I for some I C M
Case 0: then by Properties (ii) and (iv) My = Cp € F

Case k + 1: Since Mb(F, My) = Mb(F, M;) = UNSAT it follows by induction hypothesis
that there exists an input resolution from F to I; with I; C M;. If yy € I; then we
can resolve I; with Cy to obtain Iy := I;1\{yo} U Hy (equivalently Iy = I;\{yo} U Ho).
Due to properties (ii), (iii) and I; € M; it follows that Iy C My. If yo ¢ I; then we
already have I; C M.
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