This is the exam for the Logic course that happened during the summer semester
of 2020. Some of the questions were assigned to the students randomly; no student
received all of these questions.

Question 1: Satisfiability and normal forms in first order logic
Let F' be the following formula:
(VJ;R(QS, x) AVaVy(R(z,y) — R(y, x))) — VaVyVz(R(z,y) A R(y, z) — R(x, 2))
1. Give a structure A such that A = F.
2. Give a structure B such that B = —F.
3. Give a formula in rectified form which is equivalent to F.
4. Give a formula in prenex form which is equivalent to F.

5. Give a formula in Skolem form which is equivalent to F.

Solutions

1. Let us define A such that Uy = {a,b} and R* = {(a,a)}. Then A |= F.

2. Let Us = {a,b,c} and R® = {(a,a), (b)), (c,c), (a,b), (b,a),(b,c),(c,b)}. Then
B —F.

F = (VoR(z, ) AVuVy(R(u,y) — R(y,u))) — Vivovz(R(t,v)AR(v,z) = R(t, z))

F = (VzR(z,x) ANVuVy(R(u,y) = R(y,u))) — ViVoVz(R(t,v) A R(v, z) — R(t, 2))
= —(VazR(z,z) AVuVy(R(u,y) — R(y,u))) V VEVoVz(R(t,v) A R(v, 2) = R(t, 2))
= (-VzR(z,z) V ~Vuvy(R(u,y) = R(y,u))) V VtVoVz(R(t,v) A R(v, z) = R(t, 2))
= Jz-R(z,z) V JuIy—(R(u,y) — R(y,u)) VViVovz(R(t,v) A R(v, z) = R(t, 2))
= JzFuIyVivovz (—R(z, z) V ~(R(u,y) — R(y,u)) V (R(t,v) A R(v,z) = R(t,z)))

F = JoFudyVtvovz (—R(z, ) V = (R(u,y) = R(y,u)) V (R(t,v) A R(v, 2) = R(t, 2)))
=, JuIyvivovz(—R(c,c) V ~(R(u,y) — R(y,uw)) V (R(t,v) A R(v,z) = R(t, 2)))
=, IYVtVovz(=R(c,c) V ~(R(d,y) — R(y,d)) V (R(t,v) A R(v,z) = R(t, z)))
=, VtVuVz(~R(c,c) V =(R(d,e) — R(e,d)) vV (R(t,v) A R(v,z) = R(t, 2)))



Question 2: Satisfiability and normal forms in first order logic
Let F' be the following formula:
(VzR(z,z) ANVaVyVz(R(z,y) A R(y, 2) — R(z, 2))) = VaVy(R(z,y) — R(y, z))
1. Give a structure A such that A = F.
2. Give a structure B such that B = —F.
3. Give a formula in rectified form which is equivalent to F.
4. Give a formula in prenex form which is equivalent to F'.

5. Give a formula in Skolem form which is equivalent to F'.

Solutions

1. Let us define A such that Uy = {a,b} and R* = {(a,a)}. Then A= F.
2. Let Ug = {a,b} and R® = {(a,a), (b)), (a,b)}. Then B = —F.

3.
(VzR(z,z) ANVEVYVz(R(t,y) A R(y, z) = R(t,2))) — YuVv(R(u,v) = R(v,u))
4.
F = (VaR(z, z) AVIVyVz(R(t,y) A R(y, z) = R(t, z))) = YuVo(R(u,v) = R(v, u))
= = (VzR(z,z) AVEYYYz(R(t,y) A R(y, z) — R(t,2))) V VuVv(R(u,v) = R(v,u))
= (=VzR(z,z) V ~VtVy¥z(R(t,y) A R(y, 2) — R(t,2))) V Vuvu(R(u,v) = R(v,u))
= Az R(x,x) V FHtTFyTz—(R(t,y) A Ry, z) = R(t,2)) V VuVv(R(u,v) = R(v,u))
= Jo3tIyFeVuvo (—R(z,2) V = (R(t,y) A R(y, z) = R(t,2)) V (R(u,v) = R(v,u)))
.

= 2y IVuvv (—R(x, z) V ~(R(t,y) A R(y, z) — R(t,2)) V (R(u,v) = R(v,u)))
=, JtIyF2Vuvv(-R(c, c) V =(R(t,y) A R(y,z) = R(t, 2)) V (R(u,v) = R(v,u)))
=, JyFzVuvv(-R(c, ¢) V ~(R(d,y) A R(y, z) = R(d, 2)) V (R(u,v) = R(v,u)))
=, J2Vuvv(-R(c,c) V ~(R(d,e) A R(e, z) = R(d, z)) V (R(u,v) = R(v,u)))

=, VuYv(~R(c,c) V =(R(d,e) A R(e, f) = R(d, f)) V (R(u,v) = R(v,u)))



Question 3: Satisfiability and normal forms in first order logic

Let F' be the following formula:

(V:ch(R(x, y) = R(y,x)) ANVaVyVz(R(z,y) A R(y, z) — R(x, z))) — VzR(x, x)

1. Give a structure A such that A = F.
2. Give a structure B such that B = —F.
3. Give a formula in rectified form which is equivalent to F.
4. Give a formula in prenex form which is equivalent to F'.
5. Give a formula in Skolem form which is equivalent to F'.
Solutions
1. Let us define A such that U4 = {a,b} and R* = {(a,b)}. Then A |= F.
2. Let Ug = {a,b} and R® = {(a,a)}. Then B |= =F.
3.
F = (VaVy(R(z,y) — R(y, ))AVEVuVz(R(t, u)AR(u, z) = R(t, 2))) = YoR(v,v)
4.

F = (VaVy(R(z,y) = R(y,x)) AVIVuVz(R(t, u) A R(u, z) = R(t,z))) = YoR(v,v)
= = (VaVy(R(z,y) = R(y,z)) AVtVuVz(R(t,u) A R(u, z) — R(t, 2))) V VuR(v,v)
= (=VaVy(R(z,y) = R(y,x)) V ~VtVuVz(R(t,u) A R(u,z) — R(t, 2))) V VuR(v,v)
= Jz3y—(R(z,y) = R(y,x)) V It3uIz~(R(t,u) A R(u,z) — R(t, 2))) VVuR(v,v)
= JzFyItFuIeVo(—(R(z,y) — R(y,z)) V =(R(t,u) A R(u, z) — R(t,2))) V R(v,v))

5.

F=, Vv(—'(R(c, d) = R(d,c)) vV =(R(e, f) NR(f,g) — R(e,g))) Vv R(U,v))




Question 4: Propositional formulas
We are given the following data about one technical university in Krakozhia:
e Creative benevolent logicians are gamblers.
e Logicians are either creative or do not play chess.
e Smokers who wear ties do not gamble.
e Those who do not play chess are not logicians.
e Those who are benevolent and creative, are smokers.
1. Formalize the statements above in propositional logic.

2. Use resolution to conclude that benevolent logicians do not wear ties.

Question 5: Propositional formulas
We are given the following data about one generation of students in Hogwarts:
e Those who are hard-working and witty, are friendly.
e Muggle-borns are either witty or do not play quidditch.
e Those who are friendly and have owls, are not patient.
e Witty hard-working muggle-borns are patient.

e Those who do not play quidditch are not muggle-born.

1. Formalize the statements above in propositional logic.

2. Use resolution to conclude that hard-working muggle-born do not have owls.

Question 6: Propositional formulas

The logic team is up to no good and plans a bank robbery. The following information

is known.

e If Marijana agrees with the plan and the equipment is bought and Christoph

plans the bank robbery then the bank robbery succeeds.

e If Christoph plans the bank robbery then either Marijana agrees with the plan

or Professor Evilsparza does not participate.

e If Inspector Luttenberger gets a tip-off and there is an error in planing then the

bank robbery fails.

e If Professor Evilsparza does not participate then Christoph does not plan the

bank robbery.



If Marijana agrees with the plan and the equipment is bought then Inspector
Luttenberger gets a tip-off.

. Formalize the statements above in propositional logic.

Use resolution to conclude that if Christoph plans the bank robbery and the
equipment is bought then there is no error in planing.

Question 7: Propositional formulas

Middle-earth is in danger.

If Aragorn rallies the dead and Boromir sacrifices himself for the Hobbits and
Frodo destroys the One Ring then Sauron is defeated.

If Frodo destroys the One Ring then either Aragon rallies the dead or Gollum
conspires with Shelob.

If Gandalf becomes the White but the Corsairs of Umbar reach Pellenor Fields
then Sauron is not defeated.

If Gollum conspires with Shelob then Frodo does not destroy the One Ring.

If Aragon rallies the dead and Boromir sacrifices himself for the Hobbits then
Gandalf becomes the White.

. Formalize the statements above in propositional logic.

Use resolution to conclude that if Frodo destroys the One Ring and Boromir sac-
rifices himself for the Hobbits then the Corsairs of Umbar do not reach Pellenor
Fields.

Solutions

Let us introduce the following notation:

A = creative

B = benevolent

C = logician

D = gambler

FE = do not play chess
F' = smoker

G = wear ties

We can formalize the statements in propositional logic as follows:



AANBANC —-D = -Av—-Bv-CVD

e C > AVE = -CVAVE

e FANG—-D = -FV-GV-D
o I »-C = -EV-C

e BANA—F = -BV-AVF

The conclusion can be formalized as B A C — —G.

In order to prove that benevolent logicians do not wear ties, we show that assuming
the opposite (B A C A G) will lead to a contradiction. That is, we prove by resolution
that the following CNF is unsatisfiable:

{{-4,-B,-C,D},{-C, A, E},{-F,—-G,-~D},{-E,-C},{-B,-A, F},{B},{C},{G}}

{=A,~B,~C,D} {B} _{~C,A,E} {-E,~C} {C} {(~B,~A,F} {~F,~G,-D} {G}
(A, F}
{=A4,-C, D} {(-C, A} {~F,~D}
\/
{-C,D} {A} {-A4,-D}
{D} {-D}
\/

O

The solution is the same for other versions of this exercise, we just introduce different
notation.
For the students of Hogwarts:

o A = witty

e B = hard-working

C = muggle-born

e D = patient

e FE = do not play quidditch
e F = friendly



e (G = have owls
For the bank robbery:

e A = Marijana agrees with the plan
e B = the equipment is bought
e (' = Christoph plans the bank robbery
e D = the bank robbery succeeds
e E = Professor Evilsparza does not participate
e F' = Inspector Uwe Schoning gets a tip-off
e (G = there is an error in planing
For the middle-earth crises:
e A = Aragorn rallies the dead
e B = Boromir sacrifices himself for the Hobbits
e (C = Frodo destroys the One Ring
e D = Sauron is defeated
e F = Gollum conspires with Shelob
e F' = Gandalf becomes the White

e (G = the Corsairs of Umbar reach Pellenor Fields

Question 8: Propositional formulas
Let F be a propositional formula. Then, we set
Arp =F A (pV —q) Bp=—qVF

Find F such that Ar = Bp.



Solutions

p=-(pAqg) Nz Y=-qVz
p q z|-(pAgANz —qVz
0 0 0 0 1
0 0 1 1 1
010 0 0
0 1 1 0 1
1 0 0 0 1
1 0 1 1 1
110 0 0
111 1 1

g
=
@

We define n = ¢ — p. Then we

en/zl=—-(-pAqg)A(qg—p)
=({@V-g AV
=pV—gq
=gV (~qVp)
=-qV (g —p) =n/z

Question 9: Propositional formulas
Let F be a propositional formula. Then, we set
Ap = F AN=(=-r Ap) Bp=p—F

Find F such that Ar = Bp.

Solutions

p=(rV-p) Az YV=p—z

(rv-p)Az p—=z

il el el e R en) |
== el mE==]ks
—_— O = O = O = OlN
_ oo = OO OO
—_ O == O




We define n = p — r. Then we have
eln/z]=(rv-p Alp—r)
=(pVr)A(mpVr)
=-pVr
=-pV(pVr)
=p—(p—r)=2vh/z

Question 10: Propositional formulas

Let F be a propositional formula. Then, we set
Ap=FA({t—s) Bp =-F — —t
Find F such that Ar = Bp.

Solutions
p=(t—98) ANz Y=tz
t s z|(t—=>8)ANz t—z
0 0 O 0 1
0 0 1 1 1
01 0 0 1
0 1 1 1 1
1 0 0 0 0
1 01 0 1
1 1 0 0 0
1 1 1 1 1

We define n =t — s. Then we have
pln/zl =t = s)A(t—s)
=t—s
=-tVs
-tV (=t Vs)
itV (t—s)
=t (t— ) = ¥[n/7]

Question 11: Propositional proof

Let o, = X1 & Xo <> ... < X, for some n € N. Prove that forevery Z: {Xy,...,X,,} —
{0,1} holds

7T = ¢, if and only if Z[A — Z(A)] = ¢, for all A € X.



Question 12: Propositional proof

Let o, = X1 B Xo®...® X, for some n € N. Prove that for every Z: {Xy,..., X} —
{0,1} holds

T & ¢, if and only if Z[A — Z(A)] = ¢, for all A € X.

Question 13: Propositional proof

Let o1 = X7 and @41 = @ > Xy for all n > 1.
Prove that for every ¢, there are the same number of satisfying and non-satisfying
interpretations (w.r.t. the variables {Xi,..., X, }). More formally, prove that

HZ: { X0, X} =2 {01} [ T e}l = HZ: { X0, X} = {0, 1} [T 1~ on}-

Solution

Let us first introduce some simplifying notation. For example, let us denote the set of
all satisfying assignments of ¢, by AL and the set of all non-satisfying assignments
of ¢, by AY:

AL =A{T: {X1,.... Xn} = {0,1} | T = g}
A ={T: {X1,....X,} = {0, 1} | Z |= ¢}

We prove that the number of satisfying assignments is
AL =2n .

Since the set of all assignments with n variables is {Z: {X1,...,X,} — {0,1}} =
AL UAY and since its size is [{Z: {X1,..., X,} — {0,1}}| = 27, this implies that the
number of non-satisfying assignments is the same,

|A%| =27 — |A)| =2" -2t =271 = |AL .

Therefore, it is enough to prove that for every n > 1 we have |AL| = 2"~1. We prove
this claim by induction on n.

INDUCTION BASE. If n = 1 there is exactly 1 = 27! assignment that satisfies
©1 = X1, namely Z: {X;} — {0,1} with Z(X;) = 1.

INDUCTION HYPOTHESIS. Let us assume the claim holds for n, that is, we assume
|A,11| = 2"~ which also implies that |A9L‘ =2n 1

INDUCTION STEP. Let us now prove the statement for n + 1, that is, we show that

‘Avlwrl’ =2"

Note that Z € Al if and only if Z: {X1,...,X,, Xny1} — {0,1} and T = ¢pqr.
Since @pt1 = @n < Xnpt+1, we also have that Z = @, if and only if one of the
following holds:



e TEyp,and T = X, 41, Or

o T} p,and T~ Xpy1.

In other words, for an assignment Z: {Xy,...,X,,, X, 41} — {0,1} we have 7 € A}, 4
if and only if one of the following holds:

e Ilx,, . x, € A}l and Z(X, 1) =1, or
e I|x,.. x, €A% and Z(X,4+1) = 0.

By the induction hypothesis, there are 2" ! assignments that satisfy the first condition,
and 2"! assignments that satisfy the second one. That is, there are exactly 27! +
2"~1 = 2™ assignments in A}, which proves our statement.

Question 14: Propositional proof

Let o, = X1 ®X2® ... X, for some n € Nand X = {X;,..., X, }. Prove that

HZ: X = {01} | Tl on}[ = {Z: X = {0,1} [T~ @n}l.

Question 15: Partial order with compactness

Let 7 = {~, ¢} be a signature where ~ is a binary relation symbol and ¢ a constant
symbol.

1. Give a set of formulae ® in first-order logic with equality such that for every
structure A holds

A = @ if and only if ~* is an equivalence relation

and [c¢A]. 4 is infinite.

Remark

An equivalence relation is a symmetric, transitive, and reflexive relation.

2. Prove that there is no formula ¢ in first-order logic with equality such that for
every structure A holds

A = ¢ if and only if A = ®.



Question 16: Simple graphs with compactness

Let 7 = {F,c} be a signature where F is a binary relation symbol and ¢ a constant
symbol.

1. Give a set of formulae ® in first-order logic with equality such that for every
structure A holds

A | @ if and only if <L{A, EA> is a simple graph

and ¢ is adjacent to infinitly many elements.

Remark

A simple graph has an edge relation which is symmetric and irreflexive.

2. Prove that there is no formula ¢ in first-order logic with equality such that for
every structure A holds

A |= ¢ if and only if A = ®.

Question 17: Partial order with compactness

Let 7 = {<, ¢} be a signature where < is a binary relation symbol and ¢ a constant
symbol.

1. Give a set of formulae ® in first-order logic with equality such that for every
structure A holds

A= @ if and only if <* is a partial order on Y%

and <cA,u> e<? for infinitly many u € U,

Remark

A partial order is a transitive, antisymmetric, and reflexive relation.

2. Prove that there is no formula ¢ in first-order logic with equality such that for
every structure A holds

A= ¢ if and only if A = ®.




Question 18: Herbrand structure

Consider for this exercise first-order logic without equality. We fix a signature 7 =
{P,Q, f} where P is a unary predicate symbol, @ is a binary predicate symbol and f
is a unary function symbol. We introduce three structures A, B, and C.

B __
UA = {1,2,3,4) u _{a’b’c’d.}
4 ifxr=1 d lfl‘:a Z/{C:{O%ﬁ,%n}
1 ifz=2 By =P Hz=0 ifz=a
Aay=3 . 0 a ifr=c fc(x):{” = ¢
1 ifx=3 . « otherwise
2 ifw=4 C T (B )
B _ ), ,d,d, = sV s\
Q= {(1,3), (4,3), (2,3)} gg_g; ? T
PA={1,3) —ee

1. Pick one structure from A, B, or C which satisfies the formula

@ = IxVyVz(P(z) A =P(y) = (Qy, z) = P(2))).
2. Construct the Herbrand model for ¢ from your choice above.

Question 19: Herbrand structure

Consider for this exercise first-order logic without equality. We fix a signature 7 =
{P,Q, f} where P is a unary predicate symbol, Q) is a binary predicate symbol and f
is a unary function symbol. We introduce three structures A, B, and C.

B _
UA = {1,2,3,4} U={mbed
4 ifr=1 d 1fx:a uc:{a767’77n}
1 ife=2 fB(z) = boifw=b ifr=a
fAx) = 1 N a ifzx=c fc(x){n o
1 ifx=3 . a otherwise
2 ife=4 . SR TP A
B: ’ , ,d , d7 = sV s\ T
QA ={(1,3),(4,3),(2,3)} iﬁ’—gza ? d), ida)) PC ={B3,v,n}
PA=11,3) e

1. Pick one structure from A, B, or C which satisfies the formula

¢ = J2Vy(=P(z) A—P(y) — P(f(y)) ANQ(f(y),y)) :

2. Construct the Herbrand model for ¢ from your choice above.



Question 20: Herbrand structure

Consider for this exercise first-order logic without equality. We fix a signature 7 =
{P,Q, f} where P is a unary predicate symbol, @ is a binary predicate symbol and f
is a unary function symbol. We introduce three structures A, B, and C.

B __
UA = {1,2,3,4) u _{a’b’c’d.}
4 ifxr=1 d lfl‘:a Z/{C:{O%ﬁ,%n}
1 ifz=2 By =P Hz=0 ifz=a
Aay=3 . 0 a ifr=c fc(x):{” = ¢
1 ifx=3 . « otherwise
2 ifw=4 C T (B )
B _ ), ,d,d, = sV s\
Q= {(1,3), (4,3), (2,3)} gg_g; ? T
PA={1,3) —ee

1. Pick one structure from A, B, or C which satisfies the formula
p = Javyvz(P(z) A -Q(y, z) = (P(y) A P(2)) A P(y) = ~P(f(y)))-
2. Construct the Herbrand model for ¢ from your choice above.

Question 21: Herbrand structure
@ = JaVyVz((P(z) A P(f(2))) A (Qy, 2) = P(2)))
L AEe BlEe, CEo
2. ¢ =VyVz((P(c) A P(f(c)) A (Q(y, 2) — P(2)))
3. cP=3
4. (), fFUUSS ), e (), F(f(e)
5. If we choose ¢, then we have f*(c) = f(c).
6. ce P" f(f(c)) ¢ P
7. (f(e).0)s (f3(c)s0), (£3(c)c), (fH(e) ), (fo(e)sc)

¢ = 3aVy(Q(f(f(x)), ) A=P(f(y)))
LAFEp,BE@ CFEYp
2. 9 =YY(Q(f(f(c)),c) N=P(f(y)))

3. P =35



4 f(e), U D))s e FFF(0), F(f(e)
5. If we choose ¢, then we have f7(c) = f(c).

6. c€ P™, f(c) ¢ PX
7. (f*(c),0), (fHe)se), (f9(e)sc), (f3(c)sc), (F10(e)s )

@ = JaVyVz((—P(x) A P(f(2)) A (Q(y, 2) = Q(2,9)))
LAFe BFE,CEye
2. =Vyvz((=P(c) A P(f()) A (Q(y, 2) = Q(2,9)))
3. cP=a
4 f(e), S e FF(F(), F(f(e)
5. If we choose ¢, then we have f7(c) = f(c).
6. c¢Z P f(c) e P*

7. (¢, f2(0)), (f*(c),0), (£2(c), ), (e, f2(e)), (£3(c),c)

Question 22: Theories

Let 71 and 75 be consistent theories. Prove or disprove that 77 U 73 is a theory.

Question 23: Theories

Let 71 and 75 be consistent theories. Prove or disprove that 73 N 73 is a theory.

Question 24: Theories

Let ¢ and ¢ be two first-order formulae. Prove that

» =1 if and only if Th({¢}) = Th({¢}).

Question 25: Theories

Let 71 and 73 be consistent theories. Prove or disprove that 77 \ 7z is a theory.



