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Automata and Formal Languages — Exercise Sheet 13

Exercise 13.1
Let AP = {p,q} and let ¥ = 24P, Give LTL formulas for the following w-languages:

In (a) and (d) the @ symbol stands for the letter §} € ¥, and not for the empty w-language.

Exercise 13.2

Let AP = {p,q} and let ¥ = 24F. Give Biichi automata for the w-languages over ¥ defined by the following
LTL formulas:

a) XG-p

(a)

(b) (GFp) — (Fq)

(c) pA—~(XFp)

(d) G(pU (p = q))

(e) Fg— (=q U (=g Ap))

Exercise 13.3

Let V € {F,G}* be a sequence made of the temporal operators F and G. Show that FGp = VFGp and
GFp = VGFp.

Exercise 13.4

Say which of the following equivalences hold. For every equivalence that does not hold give an instantiation of
o and v together with a computation that disproves the equivalence.

(c) GlpVy) =GV Gy

(a) F(pVY) =FpVFy
(b) E(pAv) =Fp AFY LU= UV @ XU = (Xe UXy)

(e) GF(p AY) = GFp A GFy



Solution 13.1
(@) (pAg) AX(=pA—q)
(b) FG(-pAq)
(c) F(p AXF(-pAq))
(d) (pA=q) U ((-pAq) UG(=pA—q))

Solution 13.2

(a)
0.{q}

(b) Note that (GFp) — (Fq) = ~(GFp) V (Fq) = (FG—p) V (Fq). We construct Biichi automata for FG—p
and Fq, and take their union:

(¢) Note that p A =(XFp) = p A XG—p. We construct a Biichi automaton for p A XG—p:
0,{q}
{p}.{p,q}

{r} 0,{a}, {p,q} 0,{q}, {p,q}

{»}

(e) Note that Fg — (=¢ U (mg Ap)) = G—¢qV (—q U (=g A p)). Consider this case split over the occurence
of a p : computations that satisfy the formula either have no occurrence of p, in which case they must
satisfy the first part of the V (i.e. G—gq), or they have a first occurrence of p with no ¢ before or at the
same time:

{r}




Solution 13.3

Given LTL formulas ¢ and 1, we denote by ¢ |= ¢ that every computation satisfying ¢ satisfies 1. Note that
p=oiff p = and ¢ | ¢. Tt is readily seen that the following holds:

FFyp = Fo, (1)
GGy = Gy, (2)
Gy = ¢ and ¢ = Fo. (3)

Let us show that (a) FGp = GFGyp and (b) GFp = FGFo.

(a) We have GFGy = FGyp by (3). Let 0 = FGyp. There exists i > 0 such that 07 |= ¢ for every j > i.
Thus, for every k > 0 there is some ¢ > 0 such that (ok)e = Go. Indeed, if k > i then take ¢ = 0, and if
k < i then take ¢ = i — k. Therefore, we have ¥ = FGe for every k > 0, and hence o = GFG¢. This
means that FGy = GFG.

(b) We have GFp = FGFy by (3). It is the case that FGFy = GF. Indeed, if there exists ¢ > 0 such that
0’ |= ¢ holds for infinitely many j > i, then, in particular, o/ = ¢ holds for infinitely many j > 0.

We prove FGy = VFGyp by induction on the length of V. If V = ¢, then we are done. If V = UF, then we
have VFGp = UFGy by (1). If V = UG, then we have the same equivalence by (a). By induction hypothesis
we get UFGp = FGy. The other equivalence is proved similarly using (2) and (b). O

Solution 13.4
(a) True, since:
cE=F(oVy) <= Tk >0st. o = (o V)
— Fk>0st. (6" =) V(" EV)
= (Fk>0st. o E )V (Fk>0st. of =)
<— o EFpVFy.

(b) False. Let o = {p}{q}0¥. We have o = Fp A Fq and o [~ F(p A ).

(c) False. Let 0 = ({p}{q})¥. We have 0 = G(pV ¢q) and o [~ Gp V Gq.

(d) False. Let o = {p}{q}{r}0“. We have o = (pVq) Urando £ (pUr)V(¢Ur).
(e) False. Let 0 = ({p}{q})¥. We have ¢ £« GF(p A ¢q) and o = GFp A GFq.
(f) True, since:

TEX(Uy) < o' E(pU)
= FI>0: () EpandVO<i<k (o) v
— Fk>0: (" Epand Y0 <i <k (6! o
— Fk>0:0" = Xpand VO < i < k (¢! = X))
— o = (Xy) U (X¢).



