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Exercise 13.1.

Let AP = {p, ¢} and let ¥ = 24P, Give LTL formulas for the following w-languages:

(a) {p,q} 0%

(b) =" {q}*

(c) & ({p} +{p, a}) T {a} =

(d) {p}*{q}=0*
In (a) and (d) the () symbol stands for the letter ) € X, and not for the empty w-language.
Solution.

(a) (pAg)AX(=pA—q)

(b) FG(-pAq)

(c) Flp AXF(-pAq))

(d) (pA=q) U ((-pAq) UG(=pA—q))

Exercise 13.2.

Let AP = {p,q} and let ¥ = 24P Give Biichi automata for the w-languages over ¥
defined by the following LTL formulas:

(a) XG-p

(b) (GFp) — (Fq)

(¢) pA—(XFp)

(d) G(PU(p—9q)

(e) Fg = (=q U (=g A p))
Solution.

(a)

(b) Note that (GFp) — (Fq) = ~(GFp)V (Fq) = (FG—p)V (Fq). We construct Biichi
automata for FG—p and Fgq, and take their union:
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(c) Note that pA—(XFp) = pAXG—p. We construct a Biichi automaton for pAXG—p:
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(e) Note that Fg — (—q U (—gAp)) = G—qV (—q U (=g Ap)). Consider this case split
over the occurence of a p : computations that satisfy the formula either have no
occurrence of p, in which case they must satisfy the first part of the V (i.e. G—q),
or they have a first occurrence of p with no g before or at the same time:
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Exercise 13.3.

Say which of the following equivalences hold. For every equivalence that does not hold
give an instantiation of ¢ and ¢ together with a computation that disproves the equiv-
alence.

() GleVvy) = GpV (e) GF(p AYp) = GFp A

(a) Flp V) =FpVFy Gy GFy
(b) FleA) =FoAFe (d) (p V) U p = () X(@Ug) =
(¢ Up) V(¥ Up) (X U Xv)
Solution.

(a) True, since:
o =F(pVY) < Fk>0st. of = (V)
— Jk>0st. (¥ =)V (" =)

— (Bk>0st. " =)V 3k >0st. o =)
<~ o E=FpVFy.

(b) False. Let o = {p}{q}0®. We have o = Fp AFq and o = F(p A1).



(c) False. Let 0 = ({p}{q})*. We have 0 = G(pV ¢) and ¢ [~ GpV Gq.
(d) False. Let o = {p}{q}{r}0®¥. We have c = (pVq) Urando = (pUr)V (¢ Ur).
(e) False. Let 0 = ({p}{q})“. We have o [~ GF(p A q) and 0 = GFp A GFq.

)

(f) True, since:

cEX(pUY) < o' = (¢ UY)

— Fk>0: ()Y EpandV0<i<k (¢') v
—= Fk>0: (" Epand V0 <i<k (6)) E o
— Fk>0:0" = Xpand V0 <i < k (0! = X))
—

o |= (Xe) U (X9).

Exercise 13.4.

Let AP = {p, ¢} and let ¥ = 24P, An LTL formula is a tautology if it is satisfied by all
computations. Which of the following LTL formulas are tautologies?

(a) Gp — Fp (e) (Gp—TFq) < (pU (-pVq))
(b) G(p — q) = (Gp — Gq) (f) ~(pU q) < (—p U —q)

(c) FGpVvFG—p
(d) ~Fp s F-Fp (8) G(p = Xp) = (p = Gp)
Solution.
(a) Gp — Fp is a tautology since
c=Gp <<= VYE>00"=p
— Jk>00"Ep
< o Fp.

(b) G(p — q) — (Gp — Ggq) is a tautology. For the sake of contradiction, suppose
this is not the case. There exists o such that

o= G(p—q), and (1)

o = (Gp — Gq). (2)
By (2), we have

o |E Gp, and

o = Gg.

Therefore, there exists k£ > 0 such that p € o(k) and ¢ € o(k) which contradicts (1).

(¢) FGpV FG-p is not a tautology since it is not satisfied by ({p}{q})".

(d) =Fp — F—Fp is a tautology since ¢ — Fy is a tautology for every formula .

(e) (Gp—Fq) <« (pU (—pVq)) is a tautology. We have

Gp - Fqg=-GpV Fq (by def. of implication)

=F-pVFq
=F(-pVyq)
=F(p—q) (by def. of implication)



Therefore, we have to show that
Fip—q) < (U —q).

<) Let o be such that ¢ = (p U (p — ¢)). In particular, there exists & > 0 such
that o* = (p — q). Therefore, o = F(p — q).

—) Let o be such that o = F(p — ¢). Let k > 0 be the smallest position such
that 0% |= (p — ¢). For every 0 < i < k, we have o' [~ (p — q) which is equivalent
to 0! = p A ~q. Therefore, for every 0 < i < k, we have ¢ = p. This implies that

ocE=pU(p—q).

(f) =(p U q) <» (-p U —q) is not a tautology. Let o = {p}{q}*. We have o [~
=(p U q) and o |= (—p U —q).

(g) G(p — Xp) — (p — Gp) is a tautology since

Gp—Xp) = (p— Gp)=-G(—pVXp)V(—pVGp) (by def. of implication)
=F(pA—-Xp)V-pVGp
=-Gp — (-pV (F(p AX-p)) (by def. of implication)
=F-p— (-pV (F(p A X-p))
=F-p— F-p.



